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1 Introduction 



In 1988 E. Witten [55] proposed new invariants Z9(X, L) G C of an arbitrary 3- 
manifold X with an embedded colored link L by quantizing the Chern-Simons 
field theory associated to a simple and simply connected compact Lie group 
G, k being an arbitrary positive integer called the (quantum) level. (Here and 
in the following a 3-manifold is a closed oriented 3-manifold. In particular 
a Seifert manifold is an oriented Seifert manifold.) The invariant Z^(X, L) is 
given by a Feynman path integral over the (infinite dimensional) space of gauge 
equivalence classes of connections in a G bundle over X . This integral should 
be understood in a formal way since, at the moment of writing, it seems that 
no mathematically rigorous definition is known, cf. [27, Sect. 20. 2. A]. We will 
call the invariants for the quantum G-invariants or the Witten invariants 
associated to G. 

N. Reshetikhin and V. G. Turaev [44] were the first to give a rigorous construc- 
tion of quantum invariants of 3-manifolds with embedded knots. In fact they 
constructed invariants Tr l2( ~ C \x,L) G C of the pair (X,L) by combinatorial 
means using surgery presentations of (X, L) and irreducible representations of 
the quantum deformations of S^(C) at certain roots of unity, r being an inte- 
ger > 2 associated to the order of the root of unity. Later quantum invariants 
Tr(X,L) G C associated to other complex simple Lie algebras were con- 
structed using representations of the quantum deformations of at 'nice' roots 
of unity, see [53]. We call t® for the quantum q -invariants or the RT-invariants 
associated to 0. 

Both in Witten's approach and in the approach of Reshetikhin and Turaev the 
invariants are part of a family of topological quantum field theories (TQFT's). 
This implies that the invariants are defined for compact oriented 3 -dimensional 
cobordisms (perhaps with some extra structure on the boundary), and sat- 
isfy certain cut-and-paste axioms, see [4], [11], [42], [52]. The TQFT's of 
Reshetikhin and Turaev can from an algebraic point of view be given a more 
general formulation by using so-called modular (tensor) categories [52]. The 
representation theory of the quantum deformations of at certain roots of 
unity, an arbitrary finite dimensional complex simple Lie algebra, induces 
such modular categories, see e.g. [32], [9], [35]. 

The invariants of Witten are defined by means of a path integral as stated 
above. A natural way in physics to obtain information about quantities defined 
by means of such path integrals is to study their perturbative (or asymptotic) 
expansion for large level k. In fact, by using stationary phase approximation 
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techniques together with path integral arguments Witten was able [55] to ex- 
press the leading large k asymptotics (or the so-called semiclassical approxima- 
tion) of Zj?(X) as a sum over the set of stationary points for the Chern-Simons 
functional. The terms in this sum are expressed by such topological/geometric 
invariants as Chern-Simons invariants, Reidemeister torsions and spectral flows, 
so here we see a way to extract topological information from the invariants. A 
full asymptotic expansion of Witten's invariant is expected on the basis of a 
full perturbative analysis of the Feynman path integral, see [7], [8], [6]. 

The first rigorous verifications of the conjectured formula for the semiclassical 
approximation were given, partly by Freed and Gompf [13] presenting a large 
amount of computer calculations for the SU(2) -invariants of lens spaces and 
some 3-fibered Seifeirt manifolds, and about the same time by Jeffrey [26] and 
Garoufalidis [14] who independently gave exact calculations of the semiclassical 
approximation of the SU{2) -invariants of lens spaces. Jeffrey also verified parts 
of the conjecture for the semiclassical approximation of Z^f(X) for G arbitrary 
and X belonging to a class of mapping tori of the torus. 

It is generally believed that the family of TQFT's of Reshetikhin and Turaev is a 
mathematical realization of Witten family of TQFT's. This belief has together 
with the above works on the perturbative expansion of Witten's invariants led 
to a detailed conjecture, the asymptotic expansion conjecture (AEC), which 
specifies the asymptotic behaviour of the RT-invariants. The AEC was pro- 
posed by Andersen in [1], where he proved it for mapping tori of finite order 
diffeomorphisms of orientable surfaces of genus at least two using the gauge 
theoretic approach to the quantum invariants. 

Let us give an outline of the results obtained in this paper. Firstly, we deter- 
mine formulas for the invariants of all Seifert manifolds in terms of the Seifert 
invariants and standard data for q , q being an arbitrary complex finite dimen- 
sional simple Lie algebra, cf. Theorem 4.3. Theorem 4.3 is a generalization of 
[17, Theorem 8.4]. For a certain subclass of the Seifert manifolds, containing all 
the Seifert fibered integral homology spheres, we simplify the expression for the 
invariants considerable, cf. Theorem 4.8. This result is a generalization of [33, 
Formula (4.2)]. Secondly, we analyse more carefully the invariants rfi(X) for X 
any lens space. Theorem 5.1 gives the result for any lens space and any of the 
invariants rf . Proposition 5.2 gives more compact expressions for Tr(L(p,q)) 
in case r and p are coprime. A main corollary of Theorem 5.1, Corollary 5.5, 
is a determination of the large r asymptotics of the quantum g -invariants of 
the lens spaces. The result is in agreement with the AEC, and leads together 
with the AEC to a Conjecture 5.6 for the Chern-Simons invariants of the flat G 
connections on any lens space, G being an arbitrary simply connected, compact 
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simple Lie group. All the results for lens spaces are generalizations of results 
in [26], which considered the g = s^C) case. To be precise Theorem 5.1 gen- 
eralizes [26, Theorem 3.4], Proposition 5.2 generalizes [26, Theorem 3.7], and 
Corollary 5.5 is a generalization of [26, Formula (5.7)]. 

We have via recent private communication learned that J. E. Andersen has 
for the groups G = SU (n) proved the asymptotic expansion conjecture for 
all closed 3-manifolds via the gauge theoretic approach. The proof involves 
asymptotics of Hitchin's connection over Teichmiiller space, approximations to 
all orders, of the boundary states of handle bodies and techniques similar to 
the ones presented in [3]. Where Andersen works with the gauge theoretic 
definition of the quantum invariant, we work with the definition of Reshetikhin 
and Turaev and our proof of the AEC for lens spaces is very different from 
Andersen's general proof in the SU(n)-case. 

A major part of the paper is concerned with studying a certain family of finite 
dimensional complex representations 1Z® of SL(2,Z), one representation for 
each pair g,r. These representations are known from the study of theta func- 
tions and modular forms in connection with the study of affine Lie algebras, cf. 
[29], [28, Sect. 13]. They also play a fundamental role in conformal field theory 
and (therefore) in the Chern-Simons TQFT's of Witten, see e.g. [15], [54], [55]. 
In case g = sfaiC), Jeffrey [25], [26] has determined a nice formula for 1Zf(U) 
in terms of the entries in U £ SL(2,Z) and the integer r. Theorem 2.6 is a 
generalization of Jeffrey's result to arbitrary g, compare with [26, Sect. 2]. The 
representations 1Z$ are of interest when calculating the RT-invariants of the 
Seifert manifolds since certain matrices, which can be expressed through these 
representations, enter into the formulas of the invariants. 

The paper is organized as follows. In Sect. 2 we derive formulas for the repre- 
sentations TZr- Sect. 3 is a short section intended to introduce notation for the 
Seifert manifolds. Moreover, we recall surgery presentations for these manifolds 
due to Montesinos [39]. In Sect. 4 we recall the formulas for the RT-invariants 
of the Seifert manifolds for an arbitrary modular category. These formulas 
are then used together with the results in Sect. 2 to calculate the g -invariants 
of the Seifert manifolds. In Sect. 5 we analyse the case of lens spaces more 
carefully. In the final Sect 6 we state a rational surgery formula for the quan- 
tum g-invariants, specializing a rational surgery formula [17, Theorem 5.3] for 
the RT-invariants associated to an arbitrary modular category. Besides an ap- 
pendix is added presenting two related proofs of a reciprocity formula for Gauss 
sums, Proposition 2.2, which plays a vital role in this paper. 

After having finished this work, we learned via private communication that 
Marino has obtained a similar result as ours Theorem 4.8 in case the Siefert 
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manifold has base S 2 and the Lie algebra g is simply laced, cf. [38, Formula 
(4.11)]. It seems that the result Theorem 2.6 (in the form of the first formula in 
Corollary 2.7) has been known in the mathematical physics literature for some 
time at least for the simply laced case, cf. [38, Formula (2.5)], [45, Formula 
(1.6)]. We have, however, not been able to find any proof of this result in the 
literature. 

This paper is an extensive expansion of the paper [19] and gives also the details 
left out in that paper, in particular the proof of the main Lemma 2.4. 
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2 Formulas for the representations of SL(2,Z). 

In this section we analyse a family of unitary representations of SL(2, Z) asso- 
ciated with a complex finite dimensional simple Lie algebra g. First let us fix 
some notation for q. (For details about standard material for Lie algebras we 
refer to [22].) Let f) be a Cartan subalgebra of q, and let f)jjj be the M -vector 
space spanned by the roots. We let X and Y be the weight lattice and the root 
lattice respectively. Let (•,•) be the standard inner product in f)jjj normalized 
such that the long roots have length y/2. (That is, (•, •) is proportional to the 
inner product induced by the Killing form of q restricted to t).) Then the short 
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roots have length y/2/m, where m = 1 if g is simply laced, i.e. belongs to the 
series A,DorE,m = 2ifQ belongs to the series B or C or is of type F4 , and 
m = 3 if 5 is of type G2 ■ In the following, the symbol m will be reserved for 
this number. For x G f)jjj \ {0} , we let x y = 2x/(x, x) . If II = {a±,ct2, • • • , a?} 
is an arbitrary set of simple (basis) roots and if {Ai, X 2 , ■ ■ ■ , A/} C f)Jj is the set 
of fundamental dominant weights relative to II, i.e. (Aj,aJ) = 5ij , then X is 
the Z-lattice generated by {Ai, A2, • • • , A/} and Y is the Z-lattice generated 
by II. Let A be the set of roots. Then { a y \ a G A } are the so-called dual 
roots or coroots (relative to our inner product (■,■))■ (So in this paper a coroot 
is in f)jjj and not in t).) The coroot lattice Y y is the Z-lattice generated by 
{a v , . . . ,a v } for an arbitrary set of simple roots {a±, ...,«;}. Recall that 

Y v = {xet)* R \(x,y) eZ for all y e X}, (1) 
X = {x G hjj I (x,y) G Z for all y € y v }. 

We note that X and y v are dual to each other. It is obvious from the above, 
that the Weyl group W preserves the lattices X , Y , and Y v . Let us also note 
the following facts: For all x,y G l" v we have 

(x,y)GZ, (x,x)€2Z. (2) 

There exists a (least) positive integer D such that we for all fx, £ G X have 

€ iz, (^^G-^Z. (3) 

Let us fix a set LT = {a±,a2, ■ ■ ■ of simple roots in the following and let 
{Ai, A2, . . . , A/} be the set of fundamental dominant weights relative to LT. The 
(open) fundamental Weyl chamber (relative to II) is the set 

FWC = {xeft I {x,Oi) >0,i = l,...,Z}. 

We let C = FWC be the topological closure of FWC. For a positive integer k, 
the k -alcove (relative to II) is the (closed) set 

C fc = {x G C I (x,9) < k}, 

where 9 is the highest root of q (relative to LT). (Note that 6 is a long root). 
We will also need the following sets: 

Qk = {ciAi + . . . + qA;| ci, . . . ,q G [0,k[ }, 
Pk = {citti + . . . + QOi I ci, . . . ,q G [0, fe[ }. 

Let VF|" ff = k fcy v be the affine Weyl group acting on f)jjj in the usual sense 
{kY y acting by translations). It follows that is a fundamental domain of 
the group kY y . Moreover, it is well-known (see [28, Sect. 6] for a proof) that 
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Ck is a fundamental domain of Wjf* . We will say that a subset M of f)jjj is 
presicely tiled by A; -alcoves if there exists a family {uj}j e / of elements of Wj? s 
such that M = Uj e /iij(Cfc). If / is finite, we say that M is (precisely) tiled 
by |/| k -alcoves. We let A + be the set of positive roots (relative to II). For 
a G A + and n G Z we let 

H a,n = i x G I = 

and we put 

H k = U Q6A+ ,nez^a,n = {x € f)J | 3a € A+ : (x,a) G &Z }. 
For fixed Aq, Ai G 1 and fixed integers 6 and o/O we let 



(4) 



9\omW = E E det(W)expf^^|A + M 2 

+ 2 ^ V T T (A + fcp, -u>(A ) - au/(Ai)) > ) 

for A G X, where | • | is the norm associated to (•, •). (Note that by (1) and (2) 
the summand in the expression of fi^'J^ only depends on u. (mod aY" v ).) In 
particular, 

9x'iW= E det(W)exp(^(6|A| 2 + (A,-2u,(Ao)-2^(A 1 )))). 

By using similar arguments as in [26, Sect. 4] (see also [35]), we have 

Proposition 2.1 The map <7^' 6 '^ 1 : X — ► C is invariant under the action of 
the affine Weyl group Wf. Moreover, ^'J* (A) = for any A G X n H k . 

Proof The invariance under the action by an element u G W follows by the 
fact that u is orthogonal together with the identity det(ww') = det(u _1 wu~ 1 w') 
and the fact that W preserves Y v jaY y (since it preserves Y~ v ). The invariance 
under the action by an element kx, x G Y y , is obvious. (For \a\ = 1, use (1) 
and (2).) To prove the last claim, let A G X n H^ n for a positive root a and 
an integer n, and let s a be the reflection in a. Fix a w G VF and get 

(A + fc/i, -iu(Ao) - as a -1 u/(Ai)) = (A + fc/x, -iw(A ) - w'(Ai)) 

+a(A + k/j,, a)(a v ,w'(Xi)), 

where (a v , w'(X\)) G Z, and (X + kfi,a) G fcZ, so 

5^ det(u/) exp ( 27F ^~\ A + jfe^t, -iu(Ao) - aw'(\i))\ = 0. 
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In the calculations to follow, a multi-dimensional reciprocity formula for Gauss 
sums plays a crucial role. Let V be a real vector space of dimension I with 
inner product (•,•), A a lattice in V and A* the dual lattice. For an integer r, 
a self-adjoint automorphism /: V — > V, and an element ip £ V, we assume 

£<A,/(A)>, (A,/(r?)), r<A,V)€Z, VA,t?gA, (5) 

^/x,/( M )>, (/x,rO, r( M ,^)€Z, V/x, (6 A*, 
and /(A*) C A* . Then we have 

Proposition 2.2 (Reciprocity formula for Gauss sums) 
vol(A*) ^ exp[^l(A,/(A))]exp(27rv^T(A,V)) 

/ f \-l/2 

= (det-^=) r 1 ' 2 exp(-7rr v / ^T^ + V,r 1 (/« + ^))). 

V V 7 MGA*//(A*) 

For a proof, see [25, Sect. 2]. For the convenience of the reader, we sketch 
Jeffrey's proof in the appendix. Moreover, we present in the appendix a slightly 
alternative proof. Both arguments rely on the Poisson resummation formula. 
Below we will use the reciprocity formula, Proposition 2.2, with A = X , the 
dual lattice being the coroot lattice Y v . 

The group SL(2, Z) is generated by two matrices 

o 1 ). e =(j :)• 

We note that 

E 2 = (~6) 3 = -1. (7) 
For a tuple of integers C = (mi, . . . , m t ) we let C k = (mi, . . . , m^) and 

= ^ j| ) = Q mk Ee mk - 1 S ...O mi E (8) 

for A; = 1,2, ... ,t, and let B c = B^ . Moreover, we put 

4 = 4 = 1, fog = eg = 0. 

We say that C has length \C\ = t. If it is clear from the context what C is we 
write a k for a£ etc. By [26, Proposition 2.5] the elements cii,bi,Ci,di satisfy 
the recurrence relations 

a k = m k a k -i - c k -i, c k = a k -i, (9) 
b k = m k b k -i — d k -i, d k = b k -i 
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for k = 1,2, ... ,t. Moreover, 



6, _ + 



a\ a 2 ai 



+ ••• + 



Ofc«fe-l 



(10) 



and (mi, . . . , m^) is a continued fraction expansion of cik/bk, k = 1,2, ... ,t, 
i.e. 

• (11) 



ak 

T = m k 

Ok 



m k -i - 
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Let in the following k G Z >0 be fixed. We have a representation 72 = 72.£ of 
SL(2,Z) given by 

H A +I ,.„i/^ 1/2 



K l l 2 

K{@)\ix = d\/x exp 



vol(X) 



7T 



voi(y v 



det(tu) exp 



2W-1 



ft 



<w(A),/i) , 



| A |2 



■IH' 



(12) 



for A, p € int(C K ) PI X. Here p is half the sum of positive roots. In the 
following we also write U for TZ(U) . Note that the matrices 72.(2) and 72.(0) 
are symmetric (in fact 72.(0) is diagonal). 



Remark 2.3 It is well-known that the representations 72 are unitary. Let us 
here give a few references to this fact. Unitarity of 72.(0) follows immediately 
from (12). By [9, Theorem 3.3.20] we have 

n(~) Xfl = s^, (13) 

where s is defined in [9, Formula (3.1.16)], and 7 is complex conjugation. (In 
the expression for in [9, Theorem 3.3.20] there is a minor mistake; one has 
to replace i |A+l by ;H A +I .) By the proof of [9, Theorem 3.3.20] it follows that 

s% = <W (14) 

Here A* = — wo(X — p) + p = —Wo(X), where u>o is the longest element in W 
(relative to our set of simple roots n) and where we use that wq(p) = —p, see 
[23, Sect. 1.8]. By [23, Sect. 1.8] we have det(iu ) = (-1) |A+I . By this and (12) 
we get 

K(Z) x ^ = K(Zj^- (15) 

Now unitarity of 72(H) follows from (13), (14), and (15). The original reference 
for the unitarity of 72 seems to be [15, Appendix]. 
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One should note that the expressions for the entries of 1Z(E) and TZ(@) are 
well-defined for all A, \i G X . Note also that if A or u. is an elements of X 
belonging to the boundary of C K , then TZ(E)\ fJi = (use the same argument as 
in the proof of the final claim of Proposition 2.1). This observation allows us 
to shift between int(C K ) n X and C K D X as summation index set in formulas 
below. Following Jeffrey [25, Sect. 2], [26, Sect. 2] we consider 

Xi,...,x t eC K nx 

for Ao,A t+ i G X, where we write Oa for ©aa- Then we have the following 
generalization of [26, Lemma 2.6]: 

Lemma 2.4 Assume that C = (mi, . . . , m t ) is a sequence of integers such that 
Qk is nonzero for k = 1, . . . , t . Then 



7x ,x t+ i = K x E det w E ex P 

wew /iey v /a ( y v 
for all Aq, At+i G X , where 



n^-lct x .... , w(Ao^ 



A t+ l + K/i + 



t-i 1 \ 

2 I 



xexp -^(E^-)!^ 
Here ( = exp and A = sign(a ai) H h sign(a t _ia t ) 



Proof We prove the proposition by induction on the length of C . First consider 
XoX 2 ' ^0) A2 El. Since E is symmetric we have 

T^i — \ 11 77 c> m i'^' 
A ,A 2 ~~ Z_> ^A 2 Ai^Ai "A1A0 
AieC K nx 

(_i)|a + i vol(x) / vryrr \ 

= vol(yv) ex P(-^v-^in J E ^A ,A 2 (A), 

where ^"aJ* * s Si yen °y (4). The closure Q m of is precisely tiled by 
1-alcoves. Moreover, if Qn is tiled by n 1-alcoves, then Q^n is tiled by n 
A; -alcoves. We also have that if is tiled by n 1-alcoves, then Q^^ is tiled 
by k l n 1-alcoves. Note that voI(Qat) = N l vol(X) and vol(Ci) = vo\(Pi)/\W\ . 
We use here that C\ is a fundamental domain for the action of Wf s , while Pi 
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is a fundamental domain for the action of Y v . Therefore, if Qn is precisely 
tiled by n 1-alcoves, then n = vol(Q N )/ vol(Ci) = N l \W\ vol(X)/ vol(y v ) . 
Let iV = mD, where D is the integer from (3). By Proposition 2.1 and the 
above we get 

E i m Af( A ) = iV ^l vol W/voi(y v ) £ ^-f(A). 

x^x/NkX \ec K nx 
Therefore 



/j-Ci 

Ao,A2 



(-1) 



|A+| 



exp 



7ry— T 



mi|p| 2 | det(ww' 

' w.w'^W 



x ^2 ex p 



(m 1 |A| 2 + (A,-2^(A )-2u; , (A 2 ))) 



Let / = miiVidf,*, tp = ip(w,w') = -±(w(\ ) +w'(X 2 )), w,w' G W, and 
r = Nk. Then, by (1), (2), and (3), the assumptions (5) are satisfied, so by 
Proposition 2.2 we get 



q-Cl 

Ao,A2 



-1)I A + I 
r i\W\ 



exp 



mi\p\ 2 | ^2 det(ww') 



XeX/rX 



TTv/^T 



(A, /(A)) exp (27rv^T(A^)) 



= voi(y 



-l(-l) IA+l ^ / 



r l \W\ 



det 



-1/2 



r i//2 exp 



7T\/— T 



mi\p\' 



E det(W) ^ exp (-7r v /r Ir(/i + V,/ V + VO)) 

Me yv //( yv) 



(~i)i A +i /yrry/ 2 
(^y/ 2 voi(F v )|vF| V^vy exp 



X 



det(u>ti/) exp 



7Tv/— Ik 



mi 



mi|p| 2 



Here exp ^— ^^"^ l^ + V"| 2 ) is invariant under p ^ p + mia, p,a £ Y v , by 



(1) and (2), so 



Ao,A2 



-1)|A + | 



(K)V2vol(y V )|VF| V ™1 



i/2 



exp 



W-l 



mi\p\- 



det(um/) ^ exp I — 



w,w'£W 



H£Y v / mi Y v 



7rv — Ik 
mi 
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(_1)|A+| 



K l / 2 vol(Y^)\W\ V mi 

x exp ( - 

/iey v /mir 

(_1)|A + | 



(^) exp ("^^ mi|p|2 ) ^ det(W) 



|«i</ L (p) — w' 1 w(Ao) — A2I 



-1 



Vtl\K 

1/2 



n l / 2 vol(Y^)\W\ V mi 

x ^ ^ det(w' ~ 1 w) 



exp 



mi\p\' 



w'eWwew 



exp - 



(7TT)2|A + | 

K «/2 vo i(yv) I ^ 



Kfl — w' 1 Vj(Xo) — A2 1 2 



mi 



c 



£ sign(mi) 



exp - 



mi7rv— 1 
7^ 



^ det(u;) ^ exp ( — ^— — — u> (Aq) — A2I 



x ctet^ 

w&W fieY v / mi Y v 



Finally we replace fi by — fi, and use that mi = a±, c\ = 1. 



Assume next by induction that the lemma is true for all sequences of length 
t — 1. Then we get for Aq, At + i G A that 



Ao,At + i 



-At+iAt^At J A ,A t 

A t eC K nx 



|A+| 



Ao Z/2 



vol(X) 



voi(y v ) 

y~] det(ura/) 



1/2 



exp 



ttV-1 



m t \p\'- 



w,w'GW 

x exp fll^El ( mt \\ t \ 2 + (A t , -2w'(At+i))) 

x t ec K nx ^ K 



E exp - 



Mer v /« t -iy v 



Af + Kjl + 



w(A ) 



c*-i 
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By (1) and (2) we have 

^2 det(W) Yl exp(^^((X t ,m t X t } + (X t ,-2w'(X t+ i))) 



a t _i« 



x ^ exp 

det(W) ^ ^ 



A( + K/i + 



w(A ) 



c*-i 



w,w'£W 

x exp 
x exp 



(m t |Ai + k;^| 2 + (At + Kfi, -2w'(X t+ i))) 



i , v , ....,2 



a t _i/c 

27T V /r T 



X t + fc/xp 



exp 



a t _i/e 
^^lAol 2 



(X t + -w(A )) |A | 2 



at-ict-in 



at-ict-in 



E c^r^)- 

A t eC K nx 



We want to alter the sum ^2x t eC K nx 9\o\ t *' (^*) by a PPly m g the reciprocity 
formula, Proposition 2.2. Before we can do this we need to alter this sum 
using some symmetries. By Proposition 2.1 and the fact that C K and P K are 
fundamental domains of respectively Wjf 1 and kY v , we get 

1*1 E azxrw = E «;r(A). 

Since the map y v /a t _iY v x (P K nl)^ P at -iK C\ X , (//, A) i-> A + defines 
a bijection, we therefore get 

E ^AoA+rW = iflFT E ^ ,A t+ i(A), 



Aec K nx 



AGP a ,_ 1K nx 



where 



/iA„,A t+1 (A) 



det(ura/) exp 



Ot-lK 



+ 



2vr 



a t -iK 



(A, -w(A ) - a t _iw'(A t+ i)) ) . 



Exactly as in the proof of Proposition 2.1 we get that h\ \ t+1 : X — ► C is 
invariant under the action of Wj~*_ 1K , and, moreover, that h\ 0: \ t+1 (X) = for 
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all A G X n H K . Now let iV = mD as in the first part of the induction and get 
that 

2^ ^Ao.Ai+ilAj- vol( yV\ Z> ^A ,A t+1 (A), 



AeX/ K a t _iAfX 



xeCa t _ lK nx 



where we use that Q Kat -iN is precisely tiled by nat-i -alcoves, in fact by 
iV'|VF|volPO/vol(y v ) of these alcoves. Therefore 

E ^ZXTi ^ = N l \W\ vol(X) S ^A ,A t+ i(A). 



AeC* K nx 

Putting everything together we get 



\&X/Kat~iNX 



Ao,Ai+i 



K 



-1 



|A+| 



A,) 



e'/2iV»|W| 



vol(Y v ) 



vol(X) 



1/2 



exp 



m t \p\- 



x exp 



X&X/nat-iNX 



We are now in a position where we can use the reciprocity formula. If we let 
/ = iVaddf,* , r = KOt-iN, and tp = ip(w,w') = --^-^(w(X ) + a t -iw'(X t+ i)), 
w,w' € W, then 



E ^A ,A t +i( A )= E det ("«" / 

xex/Kat-iNX w,w'ew 



x E exp 

AeX/rX 



(A, /(A)) exp (27r v / ^T(A,^)). 



By (1), (2), and (3) the assumptions (5) are satisfied, so by Proposition 2.2 we 
obtain 



E / i Ao,A i+1 (A)=vol(y v )- 1 f^=) det ( W ) 

XeX/nat-iNX VV / ■ 



-1/2 



w.w'EW 



x E exp (-Trrv^l^ + V, / V + 



-1 



at 



J/2 



. l} l/2 



voi(y v 



y~] det(ura/) 



£ expf- ^-^ l^^). 



M6y v /atAfy v 
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Here exp (~ ^^~^ |a* + V"| 2 ) om y depends on fx (mod a t Y v ), so in total we 



get that 



Ao,A t+ i 



if 



-1 



■|A+| 



X ° K l / 2 \W\ 



exp 



mt\p\ exp - 



a t -ic t -iK' 



-|Ao| 



(reat_i)' /2 ^ det(W) 

7 w,w'&W 

irnat-iV—l 



x ^ exp 



a* 



\p + 4>\ 2 , 



where we use that vol(X) = vol(Y v ) 1 . In a similar way as in the first step of 
the induction we finally get 



^,A t+1 = <,E det H 

MeY v /a t Y v 

where we use that at-\ = c t . Here 
rlA+| 



^^ + ^ + A m )| 2 ), 



a t K 



Ct 



K 



-c t 

Ac 



K^- 1 exp 



Ao K l/2 



m t |p| exp 



at-iCt-iK 



|A | 



-1 



at 

-t|A+| 



T\ ' /2 

-] (Kat-x)'/ 2 



rlA+l 



( K |a t _i|)'/2 V ol(y v ) 



K l/2 



■ exp 



-\P\ 



x exp 



x exp 



at-iQ-iK 



(|».)W 2 )-p(-^(g^)l>ol 2 ) 

K l/2^lsign(a t a t - 1 ) 



|A | 



Kl 



— (t+l)|A+| 

C'^exp 



(K|a t |)'/2 vo l(^ 



vr^^l 



i=i 



xex P f-^EI(g^-)|Ao 



2 = 1 



where we use that ct_i = at_2- 
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We want to use the above result to find a simple expression for the entries of 
1Z(U) in terms of the entries of U and data for the Lie algebra g. There is, 
however, a small hurdle to overcome because of the assumption on the at 's in 
Lemma 2.4. To this end we need 



Lemma 2.5 Let U 

we can write 



a b 
c d 



G PSL(2,Z) = SL(2,Z)/{±1} with c / 0. Then 



u = ve r 



where n € Z and V is given in the following way: If a = then V = S; if 
a / then there exists a sequence of integers C such that V = B c and such 
that a c k ^0, k = 1,2, ... ,\C\. 



Proof If a = then 1 = det(U) = —bc so c = — b = ±1. As element of 
PSL(2, Z) we therefore have 



U 



-1 

1 d! 



where d! £ {±d} ■ Now assume that a / 0. By (7) we can find a tuple of 
integers C = (mi, . . . , mj) such that {/ = B c . If a« = / 0, i = 1, 2, . . . , t , 
we let C =C and n = 0. Therefore assume this is not the case. Let 

i = max{ j G {1, 2, . . . , t} | Oj = 0}. 

Since ^ = a / we have i < t. As in the case a = we have that £? c » = £0-^ 
for some j € Z. If z = t — 1 then 



1 m t + j 
1 



contradicting the fact that c / 0. Therefore z < t — 1 and U = WQ n ' with 
n' = mj+i + j and 

W = @ mt E • • • 6 mi+2 H. 



Let n/j 



k 



a 



k 



a c k " etc. Then W = B c " , and 



1, 2, . . . ,t — i — 1, let C" = (ni, . . . , n t _j_i), and let 



a i+k+l b i+ k + i 
pi+k+1 di+k+1. 







"i 


n' 




Wk 




A 4. 







1 




A 





so in particular a' fc = aj+fc+i 7^ 0, k = 1, 2, . . . , t 
i . Therefore we can let n = n' and C = C" . 



1, by the maximality of 
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For the next theorem we need the Rademacher Phi function $ , which is defined 
on PSL(2,Z) by 

a b 
c d 



2±4-12(sign(c))s(d,c) ,c/0, 

- c = o 

d ,c u. 



(16) 



Here, for 0, the Dedekind sum s(d, c) is given by 



1 \ 71 7 71 uy 

s(a, c) = — — r > cot — cot 



|c|-l 



4 c 



j = l 



7TJ 

C 



7T$ 
C 



(17) 



ai b J \ e SL(2,Z) such that 



for |c| > 1 and s(d,±l) = 0. HA 

A^ = A1A2 we have 

§(A 3 ) = + $(A 2 ) - 3 sign(ciC2C 3 ). (18) 

We refer to [43] for a comprehensive description of the Rademacher Phi function. 
We will also need 

\p\ 2 _ dimg _ 2|A+| + I 

77" " — " 



(19) 



12 12 

where the first identity is Freudenthal's strange formula. If c = then U = eO 
for some b G Z and e G {±1}- By (12) we immediately get 

TTv/^T 



^(6% = 7^(6)^ = ^ exp 
for A, fi € int(C K ) n X. For the case C/ 



2 ^IH 2 



-e fc 



J 6 6 (see (7)) we use 



the identity TZir?)^ = e) A/i * , which follows by the unitarity of 1Z and (15) 



Mm 

(alternatively use (13) and (14) directly). This gives 



ft(-e% = vY(e) 6 A> = 5 A> ex P ^ 

for A,// € int(C K ) n X. For the case c/0 we have 

a 6 



■IPI 1 



c d 



Theorem 2.6 Let U = 

iat(C K )nX. Then 

/^Tsign(c))l A +l 



G SL(2,Z) with c / 0, and iet A,/x € 



^(^) V = 



( K |c|y/ 2 vol(Y v ) 

' TT\/—1 d 



exp - 



7T\ 



-*(U)\pf 



x exp 



W 

K C 



x ^ det(w) exp 



£ ex p 

i/<=Y v /cY v 



ttV — 1 a 

A + kv\ 

K C 



KC 



(A + ku, w(n)) . 
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If a ^ we also have 



(V 3 Tsign(c))l A +l 
(K|c|y/2 vo l(YV) 



exp - 



HUM 



x exp 



M 

k a 



w 



x X exp 

v& y /cY v 



2 \ £det( 

A + 

k c a 



Proof According to the previous lemma there exists an integer n, a sign e £ 
{±1} and a V £ SL(2, Z) as in the Lemma 2.5 such that J7 = eV0 n . Let us 
first assume that e = 1. Assume, moreover, that a / and that n = 0, i.e. 
assume that U = B c , where C = (mi, . . . ,m t ) and a& 7^ 0, k = 1,2, . . . ,t. Let 
C = (mi, . . . , m t ~i) . Then by Lemma 2.4 



= exp 



vrV — 1 , , , 2 71V— 1 



exp -- 



m t |p| 2 j J] det( 

w(fi) 2 



a t -±K 



A + KV + 



Ct-1 



m t |/3| 2 exp 



ttV-1 
a t _iCt_iK' 



det(u>) ^2 exp r — m t |A + K^| 2 



x exp [ I A + ftz/| 



x exp — 



2vr^T 



= exp - 



x exp — 



at-iK 

^\T^ 1 1 2 

mx I n\ 

VTv/^T 



(A + KV, Vj(fi)) 



m t \p\ exp 



VTv/— 1 . .9 

— \iA 

a t -ia t -2K 



a t a t -iK 



\p\ 2 )Y1 det H 



x ex p 



7Ta/— 1 a 



K C 



A + rez/ — 
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where we have used (9). Let us calculate the factor in front of the sum. 
Lemma 2.4 we get 



K := exp ( j^m t \p\ 



vrV^T 



x exp 
-j-t|A+| lDt 



a t -ia t -2K 



\ti\ exp 



ttV^I , ,2 



7^^/^l 



(k\c\) 1 / 2 vo1{YV) 



exp ( j^C^ m i)\p\ 



a t a t -iK 

2 I 



i=l 



x exp ^ 

By [26, Formula (2.20)] we have 

t 

$(U) = y^mj - 3^sign(ai„iai). 
i=l 

This together with (10) gives 



t-i 



i=i 



exp 



7lV^16, , 2 



k a 



( K |c|)'/2 vo i(yv) 
x exp 

By (19) we then have 



ttV-1 



($(£/) +3A-i)IH- 



($([/) +3A-i)|pf 



= v^T (t - 1)|A+l exp 



/ttv^ (2|A + |+0vr v /r T 



A-i 



x exp — 



ttV-1 



= v^T ( ^ 1 - Dt - l)|A+l exp 



d>([/)|H ; 

7T\/— T 



d>([/)| P |- 



t-1 



Moreover, 

t-1 - A-i = t- 1 - ^ sign(ai_iaj) = ^(1 - sign(aj_iai)) 

and 



'-I 



i=i 

l-sign(ai_iaj) 



t-1 



i=l 



sign(a i _ia i ) 
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so \f^t 1 Dt ~ 1 = sign(a t _i) = sign(c) since ao = 1. This proves the last 
given formula for the entries of TZ(U). The first formula follows easily from this 
by observing that 

b + I _d 

a ac c 

Next assume that U = B c Q n with where C is as above. Then 

a b \ / 1 — n \ _ / a — na + 6 
cdjlo 1 J \ c -nc + d 



b c = ue 



—n 



and since the theorem is valid for U = B c (by the above) we get 



U{U) Xfl = U{B c )^n{Q) 



-lsign(c))l A +l / 7T\/— T 



(k|c|) j /2 voi(y v ) 



exp {-^{HB c )+n)\ P \^ 



x exp \jx r > exp A + kv\ 

x det(w)exp ^— ^ 7r ' v ^3 ^A + ku, w(fi)) \ . 

By (18), $>(B c Q n ) = <£>(B c ) + ®(9 n ) = <$>{B c )+n and the result follows. Next 

consider the case where a = (and e = 1) so U = EQ n = ^ ^ ^ ^ . Then 

the result follows directly by inserting the formulas for the entries of 1Z(E) and 
Tl(@) into 

and by using that $(~6 n ) = $(E) + $(6 n ) = n (use (18)). 

Let us finally consider the case where e = — 1, so U = — VQ n (V being as in 
Lemma 2.5). By the remarks just before the theorem we get 

n(u) Xlx = n(-u) x ^. 

Since the theorem is valid for — U (by the above) and since A* = — wq(X) and 
det(u>o) = (— 1)' A+ ', see Remark 2.3, we get 

^/rrN ( v /3 Tsign(c))l A +l / ttV^U^, i2 \ fn^Td l l2 \ 

x ^ exp ^^"^ --l - ^ (A) + nwo{u)\A 

det(u>g 1 t«) exp ^(-?i>o(A) + kwo(v), w(fx))\ 



X 

wew 
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(V^Tsign(c))l A + l _ ( tx\[--\ 
(K|c|)V2 vo l(y v ) 



exp - 



~MU)\p\ : 



' fty/— 1 d. l2 
x exp I \n\ 



k c 



exp ( 1 A + kv' 



v&YV/cY"- 



K C 



det(w Q 1 w) exp ( — (A + kv, w 1 w(fi)) 



by which the theorem follows. 



KC 



□ 



Since 1Z is a unitary representation we have 



(20) 



for any U G SL(2,Z) and all A,/i £ int(C K ) PI X. By this and the facts that 
^(t/- 1 ) = -$([/) (use (18)) and L^ 1 = ( d ~ & j we get 



— c a 



Corollary 2.7 Let [/ = ^ ° d ) € SL ( 2 ' Z ) witil c ^ °' afld 7et G 
int(C K )nX. Then 

(v^Tsign( C )) |A+l 



W(17) 



A// 



(Av|c|)V2 vo i(y\ 



■ exp 



W)\p\' 



exp(^^|A| 2 ) ^ ex P ( 



7T\/— 1 d, o 



K C 



x det(w)exp f — {^l + ku,w{\)) 



If d ^ we also have 



(v /r Tsign(c)) 



|A+| 



exp 



ttV-1 



d>(C/)|p|- 



(/e|c|)'/2vol(y 



E 



exp 



K C 



|/i + KZ/ — 



MA) 
d 
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We are particularly interested in expressions for TZ(U) Xpi in case A or p is equal 
to p. Note that since p* = p, E 2 = — 1 and 1Z{z?) Xpi = S Xp * , then 

K(-U) Xp = K(U) Xp , K{-U) pX = K(U) pX (21) 

for all A 6 int(C K ) nl, so these entries are in fact functions of PSL(2,Z). By 
the Weyl denominator formula we have 



aeA-| 

so we get the alternative formula 



det(u> ) exp / — (A + nv, w{p))\ 

[J 2\/^lsin + KZ/ > «)) > 



(2sign(c))l A +l / ^=1^, , 2 



xexp^V) £ ex p(^^ A + H 2 ) 



v&Y v /cY 



II sin(^(A + Ki/,a>) 



for £7 G SL(2, Z) as in Theorem 2.6. By using the Weyl denominator formula 
and the first expression in Corollary 2.7 we get 

(2 S igIl( C ))l A +l / TTV^T^.,^,, „ 



n{u) ™ = M^kn^\-^ (UM 1 <23) 



(■Kyf-la 2 \ ST^ firV-ld 2 

x exp p > exp p + kz/ 

V k c / ^— ' V K c 



II sin(-^-(p + ^,a>) . 



x 

aeA + 

We end this section with some symmetry considerations needed elsewhere. As 
mentioned allready below Remark 2.3 the expressions for lZ(E) Xp and 1Z(0) X ^ 
in (12) are well-defined for all A, p G X. If U G SL(2, Z) we can find a tuple of 
integers C = (mi, . . . , m t ) such that U = B c . We can therefore use the formula 

n(u) Xp = nmtiz 1 

n 

to extend (A, p) i-> TZ(U) Xpi to all of X x X. Here / 7^ t t A _1 is defined above 
Lemma 2.4. We can also make such an extension directly by using the expres- 
sions in Theorem 2.6. An easy inspection of the proof of Theorem 2.6 shows 
that these two extensions coincide. 
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Lemma 2.8 Let U G SL(2,Z). Then (A,/x) ^ TZ(U) X ^, X x X ^ C, is 
invariant under the action of nY y on each factor. Moreover, 

T^{U) w {\) w '{n) = det(w)det(w')TZ(U)x fl . 
Finally, K(U) X p = if A or fi belongs to X n H K . 

Proof Since H 4 = 1 we have U = EB = CE, where B = E 3 U and C = UE 3 . 
The lemma then follows by the fact that it is true for U = E . □ 

Since C K is a fundamental domain for the action of W% it follows by Lemma 2.8 
that (20) is valid for all A, (i G X . Therefore we have that the expressions for 
T^-{U)\fx stated in Corollary 2.7 are valid for all A,/x G X. Note that (22) is 
valid for all A G X and (23) is valid for all [i G X. 

3 Seifert manifolds 

For Seifert manifolds we will use the notation introduced by Seifert in his 
classification results for these manifolds, see [49], [50], [17, Sect. 2]. That 
is, (e; g | b; (cci, ft), . . . , (a n , (3 n )) is the Seifert manifold with orientable base 
of genus g > if e = o and non-orientable base of genus g > if e = n (where 
the genus of the non-orientable connected sum # fc KP 2 is k). (In [49], [50] 
(e;g\b;(ai,(3i),...,(a n ,(3 n )) is denoted (O, e; g \ b; ai, fa; . . . ; a n , (3 n ) , but we 
leave out the O since we are only dealing with oriented Seifert manifolds.) The 
pair (a.j , j3j ) of coprime integers is the (oriented) Seifert invariant of the j 'th 
exceptional (or singular) fiber. We have < (3j < ctj. The integer —b is equal 
to the Euler number of the Seifert fibration {e;g \ b) (which is a locally trivial 
S 1 -bundle). The sign is chosen so that the Euler number of the spherical (or 
unit) tangent bundle over an orientable surface S is equal to the Euler charac- 
teristic of S, see [39, Chap. 1 and 4], [48, Sect. 3]. More generally the Seifert 

Euler number of (e; g \ b; («i, ft), . . . , (a n , (3 n )) is E = - (b + YTj=i Pj/ a j ) ■ 



We note that lens spaces are Seifert manifolds with base S 2 and zero, one 
or two exceptional fibers. According to [39, Fig. 12 p. 146], the manifold 
(e; g \ b; (ai, ft), . . . , (a n , ft)) has a surgery presentation as shown in Fig. 1 if 
e = o and as shown in Fig. 2 if e = n. The £ indicate g repetitions. 

For completeness we will also state the results in terms of the non-normalized 
Seifert invariants due to W. D. Neumann, see [24]. For a Seifert manifold X 
with non-normalized Seifert invariants {e; g; (a±, ft), . . . , (a n , ft)} the invari- 
ants e and g are as above. The (oj,ft) are here pairs of coprime integers with 
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Figure 1: Surgery presentation of (o; g | b; (a±, (3\), . . . , (a„, /?„)) 




Figure 2: Surgery presentation of (n; g \ b; (ai,/3i), . . . , (a n , /?„)) 

ctj > but not necessarily with < (3j < aj . These pairs are not invariants 
of X , but can be varied according to certain rules. In fact, X has a surgery 
presentation as shown in Fig. 1 with b = if e = o and as shown in Fig. 2 with 
6 = if e = n. The Seifert Euler number of X is — Y^j=i flj/ a j (which is an 
invariant of the Seifert fibration X ). For more details we refer to [24, Sect. 1.1]. 

4 The RT— invariants of the Seifert 3— manifolds 

In this section we will use Corollary 2.7 together with results in [17] to derive 
expressions for the quantum g-invariants of all Seifert manifolds, q being an 
arbitrary complex finite dimensional simple Lie algebra. The formulas for the 
invariants will be expressed in terms of the Seifert invariants together with 
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standard data for g . 

The RT invariants of the Seifert manifolds for modular categories 

Let us first give some preliminary remarks on modular categories. We use 
notation as in [52]. Let (V, {V^}j 6 j) be an arbitrary modular category with 
braiding c and twist 9 . The ground ring is K = Endy (I) , where I is the unit 
object. Let i i— > i* be the involution in I determined by the condition that Vi* 
is isomorphic to the dual of Vi . An element i G I is called self-dual if i = i* . 
For such an element we have a K -module isomorphism Homy(V <8> V, I) = K , 
V = Vi. The map x i— > x(idy 0y)cy ; y is a if -module endomorphism of 
Homy(V (8) V, I), so is a multiplication by a certain £j G if. By the definition 
of the braiding and twist we have (£j) 2 = 1. In particular £j G {±1} if if is a 
field. We have a distinguished element G i such that Vb = I. 

The S 1 - and T-matrices of V are the matrices S 1 = (Sij)ij^i, T = (Tij)ij^j 
given by Sij = tv(cy j y i o cy i y^) and = <5ijt>i, where tr is the categorical 
trace of V, is the Kronecher delta equal to 1 if i = j and zero elsewhere, 
and Vi G if such that 9y i = v jidy. . 

Assume that V has a rank V, i.e. an element of if satisfying 

P 2 = J>m(*) 2 , 
ie/ 

where dim(z) = dim(V^) = tr(idyj. We let 

A = J>ri d im(*) 2 . 

is/ 

Moreover, let r = r/y^ be the RT-invariant associated to (V, {Vi}j e j, V) , cf. 
[52, Sect. II. 2]. For a tuple of integers C = (mi, . . . , m t ) , let 

We put a Q = 2 and a n = 1. Moreover, let = 1 and 6^ = Sjj* , j G /. Given 

pairs (aj,(3j) of coprime integers we let Cj = (a^, . . . , ) be a continued 
fraction expansion of ctj/(3j , j = 1,2, ... ,n. 

Theorem 4.1 ([17]) Let M = (e; g \ b; (a 1: (3i), . . . , (a n , (5 n )) , e = o, n. Then 
t(M) = (AX» _1 ) CTe P ae9_2 ~ s ?=i m ^ 

x E ^rnfvj" dhn(j) 2 ~ n9 (fl(SG% 
jei \i=i 
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where 

a t = (a e - 1) sign(£) + £ sign(o^) + ^ £ I £ °fc } " ■ ( 24 ) 

j=i j=i \fc=i / 

Here £ = - + Y!j=i ^j) is tiie Seifert Euler number. 

The RT-invariant r(M) of the Seifert manifold M with non-normalized Seifert 
invariants {e; g; (a±, (3±), . . . , (a n , /?«)}, is given by tie same expression with the 
exceptions that the factor v~ b has to be removed and E = — Y^j=i ^ ■ D 

The theorem is also valid in case n = 0. In this case one just has to put all 
sums Y2j=i ec L ua l t° zero an d an products Yli=i equal to 1 . Note that e? = 1 
if g is even and e 9 - = €j if g is odd since e| = 1. The sum Y^j=i s ig n ( a j/3j) is 
of course equal to n for normalized Seifert invariants. 

Let us next consider the lens spaces. For p, q a pair of coprime integers, recall 
that L(p, q) is given by surgery on S 3 along the unknot with surgery coefficient 
—p/q. In the following corollary we include the possibilities L(0, 1) = S 1 x S 2 
and L(l,q) = S 3 , q G Z. 

Corollary 4.2 ([17]) Let p, g be a pair of coprime integers. If q we let 
(cti, . . . , a n _i) be a continued fraction expansion of —p/q. If q = 0, put n = 3 
and ai = a2 = . Then 

r(L(p,g)) = (AP- 1 )^-"Gg , (25) 
where C = (ai, . . . , a n _i, 0) and cr = ± fe^ 1 «/ ~ $(-B c )) • □ 



The RT invariants of the Seifert manifolds for the classical Lie al- 
gebras Let q be a complex finite dimensional simple Lie algebra and let 
q = e 7rv/3 ^/ r , r = run, where k is an integer > /i v . Let U q (g) be the quan- 
tum group associated to these data as defined by Lusztig, see [37, Part V]. 
We follow [9, Sect. 1.3 and 3.3] here but will mostly use notation from [52] for 
modular categories as above. (Note that what we denote U q ($) here is denoted 
U q (Q)\ q=e nV=i/m K in [9].) Let (V? , {Vi} ieI ) be the modular category induced by 
these data, cf. [9, Theorem 3.3.20]. In particular the index set for the simple 
objects is I = int(C K ) n X . We use here the shifted indexes (shifted by p) 
(contrary to [9]). Normally the irreducible modules of U q (g) (of type 1) (q 
a formal variable) are indexed by the cone of dominant integer weights X + . 
Here we denote the irreducible module associated with (i € X + by V^ +/9 . For 
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q a root of unity as above V\ is an irreducible module of U q (o) of non-zero 
dimension if A € /. The involution I I , A i-> A* is given by A* = —wq(X), 
where wq is the longest element in W , see also Remark 2.3. The distinguished 
element G I is equal to p. According to [9, Theorem 3.3.20] we can use 

\ -l 

'ir(a,p}' 



voi(y v ) 


1/2 / 


vol (a:) 





V = K 1 ' 2 



as a rank of Vr • According to the same theorem we have that 




A2T 



to 



where 



UJ = e 24 



exp 



-1, 



IpI 2 exp 



7T 



(26) 



(27) 



(28) 



where as usual c 



dim(g) is the central charge and where the last equality 
follows from Freudenthal's strange formula (19). 

Let s be as defined in [9, Sect. 3.1] and let S be the S -matrix of V® ■ Observe 
that in the terminology of [52], s is the 5-matrix of the mirror of V® ■ This 
implies that 

for A, /j, G I . By [9, Formula (3.1.16)] we have s = Vs, where s is the matrix 
also considered in Remark 2.3. The matrix t in [9] is equal to the T-matrix of 
Vr . It follows then from [9, Theorem 3.3.20] and (12) that T = w6. By these 
remarks and (13) and (15) we conclude that 

S Xl t = VE Xfl , T v = ujQ Xfl (29) 

for n,\ € I. Let C = (ai,...,a n ) G Z n and let k G {0,1}. By (29) we 
immediately get 

(s k G c ) Xp = v k+n uj^=i a i ^e^se "- 1 •••e ai s^ (30) 

for X € I. We also need the explicit formula for dim(A), X € I. In fact 



dim(A) = S Xp = VE Xp = Vk~ 1 ' 2 



vol (A) 



1/2 



n ^ 

oeA+ 



sin 



iv (a, X) 



K 



(31) 



vol(Y v ) 

see also [9, Formulas (3.3.2) and (3.3.5)]. 

Let Tr = TVys be the RT-invariant associated with (Vr,T>). Given a pair of 
coprime integers (a, (3), a > 0, we let (3* be the inverse of (3 in the multiplica- 
tive group of units of TLjaTL. For integers a, b ^ we let 

S(o/6) = 12sign(6)s(a,6), (32) 
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where s(a, b) is given by (17). This is the so-called Dedekind symbol. (In 
particular, the right-hand side of (32) only depends on the rational number 
a/b.) Then we have the following generalization of [17, Theorem 8.4]: 



Theorem 4.3 Let M = (e;g | b; («i,/3i), . . . , (a n ,(3 n )), e G {o,n}. Then 



T®(M) 



exp 



3(a £ -l)sign(£)-£-f>(^) \p\A 

j = l \ 3 / J 



^^1^+1^(^9/2-1) 1 
2|A+|(n+a £9 -2) VQ ^yV)2-a eS ^2 



x exp 

where „4 = Ilj=i a i anc ^ 
Z e 9 (M;r) - 



(l-a e ) S ign(E)\p\^Z?(M;r), 



E ft 



A £ A 



] ] Slri 



2-n-a e9 ( K(\,a) 
K 



exp 



K 



£|A| : 



x E E ••• E n det K) 



exp I -7r\/^l E ^ { K \ v i\ 2 + 2(wj{p),Vj}) 



3=1 

' (, xp ! : ( A >E 

i=i 



Ki/j + (p) 



) • 



The RT-invariant Tr(M) of the Seifert manifold M with non-normalized Seifert 
invariants {e; g; (a±, f3\), . . . , (a n , (3 n )} is given by the same expression. □ 



The theorem is also valid in case n = 0. In this case one just has to put the sum 
^.....wnew E^eyv/aiyv ■ ■ • E^ 6 yv/a„yv in Z e (M;r) equal to 1, e = o,n, 
and put A = 1 and Y^j=i ^>(Pj/ a j) = 0- 



Proof The proof follows very closely the proof of [17, Theorem 8.4]. Let 
M = (e; g \ b; (a\, (3i), . . . , (a n , (3 n )), e € {o, n} . Choose tuples of integers Cj = 

(a[ j \ ...,a%) such that B c > = ( aj Pj ) , j = 1, 2, . . . , n. By Theorem 4.1 

V Pj °3 ) 
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and (11) we have 

T 0(M) = (AP- 1 )^!^ 9 " 2 "^!"^ 

xE 6 i £)e A e ^A 6 dim(A) 2 — ^ (f[(SG c >) Xp ) , 
xei \»=i / 

where <r e is given by (24). By using (27), (29), (30), and (31) we get 

AS/ 

n + - 2 --- 9 (^))(nw)4 

where JV; = S5 C ' = f ~ Gi ) and 

V Pi J 

Q; e ( K ) = K l(n+a e g-2)/22\A + \(2-n-a e g) YO \(Y V ) n+ae9 ~ 2 . 

By Corollary 2.7 we get 



Hm^ = e n det K-) E ••• E 



wi^.^tonety \i=i 



xexp (^?E^i^ + 



k * — ' a,- 



, ,, , ) | - 27rV ^" E ~~ (P + ' W 3 ( A )) 



re z — ' a,- 



where 



&(«) = 



|A+| 



K n«/2^/2 V ol(y V ) n 

TTv/^T 



x exp 



vi =1 
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In particular we have 



ZTp*|A+l,J(a e g-2)/2 



2\&+\{n+a t g-2)j i l/2 vo l(yV)2- flf9 



exp 



7T\/— T 



x cxp 



b-j2mj)\\p\' 

3=1 



By (18), $(Ni) = ${B C *) - 3sign(aj/3j). By this and (24) we get 



3a e = 3(a e - 1) sign(£) - £ <S>(Nj) + E E 



j=l k=l 



Therefore 



r-r n \ A +\j(a e9 /2-i) i 

r flf M ^ = V" 1 ^ 1 ,.E? =1 <l>W)-3(« e -l)sign(E)-6 

»-v ; 2 i A +i( n+a ^- 2 )voi(y v ) 2 - a ^^/2 



x exp 



k \ z — ' a, 



x^tf^ [ [] sin 2 — ^ ^ (A ' a) 



, aeA + 



exp 



K 



E\X\' 



x E E ••• E |II det K) 

«ji,...,w n eVK ! yiey v /a 1 y v i/„er v /"»>' v \i =1 
Pi 



x exp I Try^iy^ — {n\vj\ 2 + 2(wj(p), Vj) 



x exp — - 



2vr v /r T 



a; 
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By (28) we get 




The theorem now follows by using (16) together with the facts that s(a, b) = 
s(a',b) if a'a = 1 (mod b) and s(— a, b) = —s(a,b), cf. [43, Chap. 3]. (The 
identity s(— a, b) = —s(a,b) follows immediately from (17).) The case with 
non-normalized Seifert invariants follows as above by letting b be equal to zero 
everywhere. □ 



By the above proof we get the following compact formula for the invariant of 
the Seifert manifold M = (e;g \ b; . . . , (a n , /?„)): 



if{M) = 7^)E^ )e rexp(-^&|A| 2 ) 
xei V J 



(= v ) 2 --' n<*<>* 

\i=l J 



(33) 



where ATj G SL(2, Z) with first column equal to 



-Pi 



, i = 1, . . . , n, and 



7 £ (k) = exp 



3vr A /^T 



(l-a e )sign( J E;)+E$(Ar j ) 



x exp 



W-l 



3(a e -l)sign(E) + b-^2^(N j : 

3=1 
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The coprime case In this section we will derive a particularly nice expression 
for the quantum g -invariants of the Seifert manifolds M = (e;g \ b; (cci, . . . , 
(a n , j3 n )) with the integers a±, . . . ,a n mutually coprime. The subclass of these 
Seifert manifolds additionally satisfying that g = contains the Seifert fibered 
integral homology spheres, cf. [24, Corollary 6.2 and pp. 36-37]. The results in 
this subsection generalize the results obtained in [33, Sect. 4.1], where the case 
= 5/2 (C) is considered. Let us first observe that by (33) and Lemma 2.8 we 
have 



r r 9 (M) = 




where P K = P K \ H K . To establish this identity we also extended the function 
g: I — > C, g(X) = b^e^ g , to all of X by letting it be constantly 1 if e = o 
and by forcing it to satisfy the following symmetry properties if e = n: 

g(w(X)) = det{w) a * 9 g{\), w £ W, Ael, (34) 
g(X + x) = g(X), x £ kY v , A 6 1, 

g(X) = 0, XeXnu aeA+ , beZ H^ b . 

Remark 4.4 If e = n we have 

p- 2 ^dim(i)F(La) = ^ n) £A, 

by [17, Lemma 4.2], where Li\ is a certain 2-component link, one component 
colored by Vi and the other by V\ . Recall that = 5\\* . In [34] it was 
observed that one in a natural way can extend the invariant F(Li\) to be 
denned for all A G X in such a way that F(L iw ^ X )) = det(w)F(Lix) , w £ W. 
The thus extended function A — ► F(Li\) is automatically invariant under a 
change A — > A + x, x G kY v . (One has to be a little carefull here. In [34], 
F(Lix) is denoted Jl(«, A). It is shown in [34] that this function is component- 
wise invariant under the action by the affine Weyl group up to a sign 
comming from the sign of the Weyl group element, see the refined first symmetry 
principle [34, Theorem 2.11]. The lattice denoted Y' in [34] is equal to ^Y y 
here (m is denoted d in [34]). Since r in [34] is the same as r here, i.e. r = ran, 
we have that Wv.rY' in [34] is equal to here.) We see, that the symmetries 
(34) actually are consequences of the symmetry results in [34]. 
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By Theorem 4.3 and (34) (use also E = -b - Y^=i fii/ a i ) we nave 

Z?(M;r) = a{n) £ bfe? ( J] (^)) 
\eP K nx \aeA+ v / / 

Xexp(-^IAP) Y. 

wi,...,w n €W 

x e ••• e (n^(A,^^)), 

where 



and 

Fj(A, z/, = det(u>) 



x exp 



[Z^- 1 A 1 2 + 2(A, ku + w{p)) + + w{p)\ 2 ' 



By using (1) and (2) one finds the following symmetry result: 

Lemma 4.5 Let j G {1, 2, . . . , n} . The map Fj: X x Y v x W — ► C is invariant 
under the transformations 

(a) (A, ^, — > (A ± ra, f =f > 

(b) (A, v, w) — > (A, f ± Q!jX, u;) , 

(c) (A, ^, — ► (A ± najx, u, w) , 

for any x G Y y . □ 
By (1) we get that rLeA + sin 2 ~ n ~ ae9 ( j^ a ^ is invariant under a change A — > 

a + kx, x g y v . 

Corollary 4.6 For an arbitrary but fixed jo G {1, 2, . . . , n} and an arbitrary 
x G y v , the expression 

xexpf-^H&|A| 2 ) ^ [n^A,^,^) 
^ ' wi,...,w n ew \j=i 
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is invariant under the transformation 

A — > A ± k x, 

.4 

^ ^ =p /3 Jo — «5 jjoX , j = 1, 2, . . . , n, 

where „4 = Ilj=i a i • 1=1 

Choose integers k\, . . . ,k n , l±, . . . ,l n , a± , . . . , a n , and b±, . . . ,b n , such that 

+ Zjttj = 1, 

a j 

for j = 1, 2, . . . , n. Let (i^, . . . , v n ) G y v /a^ V x . . . y v /a n y v . Let us show, 
that for any X £ P K f] X there exists a A' G X such that -ff(A, i/i, . . . , z/ n ) = 
#(A', 0, . . . , 0) . To see this, let x £ Y v and j G {1,2,..., n} be arbitrary but 
fixed. First observe that by Lemma 4.5, H is invariant under the transformation 
Vj — > ± PjCtjX, A and / j, unchanged. By Corollary 4.6, .ff is 

invariant under the transformation Vj — > ± ((3jA/a.j)x , A — > A =F (nA/ctj)x, 
v k, k 3 1 unchanged. If we use the first transformation aj times and the second 
transformation bj times we see that H is invariant under the transformation 

A — > A =f (nbjA/otj)x, 

v k -> i^k±PjSjkX, k = 1,2,... ,n. 

By using this transformation fcj times and by using the transformation ^ — ► 
ffc ± otjdjkX , fc = l,2,...,n, A unchanged, Zj times we see that is invariant 
under the transformation 

A — > A =F (nkjbjA/aj)x, 

v k ~^ Vk±5jkX, k = 1, 2, . . . , n. 

In particular we can change Vj to and keep H unchanged if we at the same 
time change A to X+(nkjbjA/ 'cxj)i/j , so H is invariant under the transformation 

A — > A + k /cjtj — , 

^ fe -> 0, k = 1,2,... ,n. 

By using the above result, and the fact that H is invariant under the transfor- 
mation A — > A + k„4x , x G y v , the Vk unchanged, we can always arrange it so 
that A is an element of 

J := P K HX + k j ^miat | mi,...,m, G {0, 1, . . . ,A - 1} | . 
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We have a bijection (P K n X) x y v /^iy v -> P kA D X , (A, /x) i-> A + ac/x, and J 
is equal to the the image of (P K nX)x Y V /„4Y V which can also be identified 
with (P kA \ H K ) n X = XjnAY y \ H K . 

Lemma 4.7 Let bj and kj be as above. The map 

(P K nX) x Y y / aj Y y x ... x Y y /a n Y y — ► J 



.4 1 

(A, i/i, ... , v n ) i ^ A + ac ACj6j — i/j + ac„4 riia y 

3 = 1 J 1=1 

is a bijection, where the ni are the unique integers such that the right-hand 
side is an element of J . 

Proof Assume that 

n I 

A + ac kjbj — Vj + ac„4 n-ia y = 0, 
j=i a i i=i 

where Vj G Y y ja.jY y , j = 1,2, ... ,n, and A is the difference of two elements 
in P K n X . Then we immediately get that A = and 

A 



j=l 3 i=l 



Write Vj = ^- =1 m^aV , € {0, 1, . . . , ay - 1} , and get 

Ehjbj — m i f ) +An i = Q, i=l,2,...,l, 
a, 

J= i j 

since , . . . , a y is a basis for f)jjj. Now let jo be arbitrary but fixed. Then we 
have ^ 

kj^m—rn?^ = - kjbj—mf^ - Ani 



for all i G {1,2,...,/}. But a j0 is a divisor of the right-hand side so is also a 

divisor of mf°\ since a J0 and kj bj A/aj are coprime. Therefore = 0, 

i = 1, 2, . . . , I, so a/j = 0. It follows that Vj = for all j e {1,2,..., n} (and 
J2i=i n i a i = 0, so ni = . . . = nj = 0). The surjectivity follows now by the fact 
that J and (P K flX)x Y y /ajY y x . . . x Y v /a Tt Y v contain the same number 
of elements, namely A l \P K PI X| elements. □ 
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By the above results we get that Z£(M; r) is given by an expression obtained 
in the following way: Take the original expression for Zf(M;r) as stated in 
Theorem 4.3, divide it by \W\ , replace the summation index set I by J, remove 
the sum y^,, lS yv / ai yv • • • Ylu n &Y y /a n Y v and P u ^ a ^ ^i' • • • i v n equal to zero, i.e. 



Zf(M;r) = 



Here 



1 y-, 

1 1 \eJ \aeA 



sin 



eA. 

exp (^V| 2 ) £ 



n-a E « / 7r(A,a) 



toi,...,ii)B6W 



[Jdet(w,-)exp ( - < ^——{\,w j (p)) 



U' =1 



fta. 



2 n det ^) exp 



Wl,...,tOneW / \j = i 



2vrv /3 T 



KCtj 



(X,Wj(p)) 



n s det K) ex p (- 



2W-1 



j=i \wjew 

n 

=n n ^ 

j=l aeA + 



sin 



7T 



na,- 



(A, a) 



so we have shown 



Theorem 4.8 Let M = (e; g \ b\ . . . , (a ra , /3 n )) , e G {o, n} , and assume 

that the aj are mutually coprime. Then 



T 0(M) = exp 



K 



3(a e -l)sign(£)-£-£s(^ 

7=1 ^ 3 



K l(a e g/2-l) 



2 |A + |(a e9 -2) YO \(Y V ) 2 - a ^\W\ A 1 / 2 



x exp 



:i-a e )sign(E)\p\ 2 )W»(M;r), 
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where A = YYj=i a j an d 

Wf(M-r) = ( II ^-(iM)) 

AeJ \a G A + V K ' ) 

x^(^w 2 )nn^(^-<^>). 

The RT-invariant tP(M) of the Seifert manifold M with non-normalized Seifert 
invariants {e; g; (a±, (3i), . . . , (a n , (3 n )} is given by the same expression. □ 



5 The case of lens spaces 



In this section we present different expressions for the invariant Tr(L(p, q)) , p, q 
being an arbitrary but fixed pair of coprime integers. Let b, d be any integers 

such that U = ( q \ ) € SL(2,Z). Assume q ^ 0, let 




and let C = (ai, o 2 , . . . , a n _i) G Z™" 1 such that B c ' = V. Then C is 
a continued fraction expansion of — p/q and U = z-V = B c where C = 
(ai, a2, . . . , a n _i, 0) . By Corollary 4.2, (27) and (30) we therefore get 

T*(L(p,q))=u;*Mu pp , (35) 

where u is given by (28). If q = we have p = 1 and L(p, g) = S 3 . In this case 
we have Tr{L(p,q)) = X> -1 . We also have J7 = H0 d so by using (12), (26) and 
(28) we find that the right-hand side of (35) is also equal to T>~ 1 . The identity 
(35) coincides with [26, Formula (3.7)] for g = 5/2 (C), see also [17, Formula 
(49)]. 

By elaborating on the expression (35) along the same lines as in [26, Sect. 3] 
we can now easily derive an explicit expression for Tr(L(p,q)). If q ^ we get 
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by Theorem 2.6 that 



|A+| 



exp - 



HU)\ P \- 



(K|p|) z /2 vo i(y v 

xexp (^r^' p ' 2 ) det H 
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x ex p 
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(^sign(p)) 1 
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exp 
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x exp 
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ttV-1 
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ueY^/pY 



x exp 



2vr^T 



By (28) and (35) we then get 
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JA+| 



{v,qp-w{p)) . 



T?iLM) = (^;f W„„ exp 



(kIpD'/SvoI^v 
x exp 



7Ta/=T 



d>(£/)|p| ; 



ft (/ 
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x exp 
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Here 



exp 



k q 



— \P\ ex P 



TTy—1 
pqn 



qp-w(p)\ [ 
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7TV-1 



exp ^— (p6|p| 2 + q 2 \p\ 2 + |p| 2 - 2g<p, w(p))) 



exp 



pqn 
pn 



{d\p\ 2 + q\p\ 2 -2(p,w(p)))), 



where we use that pb + 1 = qd. Moreover, 

exp r^HI ( d | p |2 + g | p |2 _ 2 ^ ) exp 
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exp 



d>([/)| P |- 
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(p,w(p)} exp 
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Here 



$([/) = ^-12sign(p)s(d,p), 
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exp 



71-^/— T f d + q 
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p 

qd = 1 (mod p) 



-<&([/) | P | 2 = ex P 



12sign(p)s(g,p)|p| 2 . 



By putting all the pieces together and using (32) we get 

Theorem 5.1 The RT-invariants associated to q of the lens space L(p,q), 
p , are given by 
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(2sign(p))l A +l 
T»{L{p,q)) = - ■ , w/0 — 77^77 exp 
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The second formula simply follows by using the Weyl denominator formula on 
the first formula. (A direct check shows, that the above theorem is also true 
for q = 0, in which case p = ±1 and L(p, q) = S 3 . If p = 0, then q = ±1 and 
L(p,q) = S 1 x S 2 , and t^S 1 x S 2 ) = 1 in the normalization used here.) 



The coprime case In this subsection we consider the coprime case, i.e. the 
case (r,p) = 1, r = mK. In particular p ^ 0. From Theorem 5.1 we have 



T?(L(p,q)) 



1 sign(p)) 



|A+| 



where 



£ = ^ det(w) exp I — 
w£W ^ 



(At|p|)'/2 vo l(F v ) 
2vrv /3 T 



exp 



K \p 



s [I )\pV s, 



^ exp ( vrv 73 ! 



(p,w(p)) ) exp I -7TV-1-K 



gp - w(p) 
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qp - w(p) 



qn 



First assume that p is odd. Let p w = qp — w{p) . Since p and Aqr are coprime, 
there exist integers c and a such that pc + Aqra = 1 . By definition of p , we 
have p G Moreover, m7 C Y~ v , so 2mp w £ Y v . Therefore 



£ = ^ det(w)exp I - 
wew ^ 



27r v /r T 



{p,w(p)) exp 



x exp ( TT\J — \—K 

i/eY v / P Yv V P 



pqK 



I P c 

v + Pw [ 4am H 

qn 



= det ( w ) ex P (- —^— (P, W {P))) ex P (~ 



7T\/—T 

pqK 



2 expfvrv^l^ 



UGY V / P Y 



where 



£' = V det(u/)exp f- ^^ (p, w(p))) exp f^llpj 2 ( p 2 c 2 - 1)") . 
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We used here (1) and the fact that p w G X . Since p 2 c 2 — 1 = 4qra(4qra — 2) 
we get 



E' = V detHexp f- 27r ^ T (p,w(^)) > ) 



x exp ( -4am(-2 + 4gra)[(g 2 + l)|p| 2 - 2g(p, w(p))l 

p 



= E det ( 



w)e p e w . 



where 



= exp ^- 47r ^ am(l + pc)(g 2 + l)|p| 2 ^ , 

e w = exp r~ 27rv/ ~^ [1 + 4qra{4qra - 2)] (p, w{p))\ . 

\ pn J 



Since p £ X and 2mp G Y y we have 2m\p\ G Z so 



exp om((j + l)|p|' 

VP 

= exp (- 27r ^ 4*(q + g*)r*2m|p| 2 ^ , 
where n* is the inverse of n (mod p) for any integer n coprime to p. Moreover, 



e w = exp ^ — pc (p,w(p))j = exp ^ — c(p,w(p)) 

where we used pc 2 = c — 4c/rac and the fact that 2m(p,w(p)) G Z. We thus 
obtain 

(y^Tsign(p)) |A+l /vrv^T M 2 
x exp f- 27F ^^ 4*(g + q*)r*2m\p\ 2 

V p 



E det(»exp f- 27r ^^ c(p,tt;(p)) N ) 
„<= w V K / 

E expfTrv^T^I^I 2 ] . 



X 



x 
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Here 



£det( 



w ) exp — 



c(p,w(p)) 



)= II 2^Tsin(-^(p,a)) 



by the Weyl denominator formula. Note that c is the inverse of p (mod 4r) . 

Next we assume that p is even. Then q is odd and there exist two integers c and 
a such that Apc + qra = 1. We put p w = — w(p)) G |Y", so 2mp w € y v . 
Moreover, 2p„, eY CI. We therefore find 



S = E" J] exp ^v^-^ 2 ) , 



where 
E" 



^ det(w) exp I — 



i/ey v /z> yv 
27r v /r T 



PK 



x exp 



= ^2 det(w)exp I — 
wew ^ 



(16p 2 c 2 - l)^ 2 

pqK 

27T V /r T 



x exp 



(=^-Va - 2) [(g 2 + l)|p| 2 - 2g<p, w(p))] 



deb(w)e?e w , 



where 



exp 



p 



e = 



( 2amqir\/^l 



{ 



P 



exp 

Here qra — 2 = — 1 — 4pc so 

J> = 



(qra-2)(q 2 + l) 



(2 - qra)(p,w(p)) - 



pK 



{p,w(p)) . 



exp 

exp I - 



2tt^T 

Ap 
2vr v /r T 



a(g 2 + l)2m|p| 2 
(q + q*)r*2m\p\ 2 ) , 



Ap 

where n* is the inverse of n (mod 4p) for any integer n coprime to p. Moreover, 



w 

e = exp 



2ttV^1 



PK 

We have thus shown 



(aqr - l)(p,w(p)) = exp 



K 



4c(p,w{p)) . 
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Proposition 5.2 Let r = run be coprime to p. If p is odd we have 



T*(L(p,q)) 



(^/^Tsign(p)) 



|A+| 



cxp 



ttV-1 



s r- \ P \ 



(K|p|)'/2 vo i(y v ) \ K \J> 

2vr^T 



x cxp 



p 



-4*(q + q*)r*2m\p{ 



x ^2 det(u>)exp (—— ^c(p,w(p)) 

wew ^ 

x exp(vr^^|^| 2 j . 



Alternatively we have 



(2sign(p)) |A+l ( tiV^T ., 



(k|p|)'/ 2 vo1(F v ) 

27iV=T 
p 



x exp — 



k \p 
A*(q + q*)r*2m\p\ 2 



II sin(^(p,a)) Yl 
v «eA + / i/er v / P y v 



exp 7T 



I |2 

p 



Here n* is the inverse of n (mod p) for any integer n coprime to p, and c is 
the inverse of p (mod 4r) . 

If p is even we have 



r*{L(p,q)) = 



(^/^Tsign(p)) 
(k|p|)'/2vo1(^ 



|A+| 



■ cxp 



wV=I s(«)\ P \* 



K \p 



x cxp 



Ap 



(q + q*)r*2m\p\ [ 



x ^2 det(w)exp (—— -4c(p, w(p)) 

wew ^ 

x ^2 ex P ( tta/— 1-k|^| 2 ] . 
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Alternatively we have 



(2sign(p)) |A+l /ttV^T 



r r °(L(P,l)) = /, ' exp Mr— S \l \p\ 



(At|p|)'/2 vo i(y v ) V K \p 

x exp ( - 2i: ^~^ \q + q*)r*2m\p\ 2 



Here n* is tie inverse of n (mod 4p) for any integer n coprime to p, and 4c is 
the inverse of p (mod r) . □ 

Remark 5.3 a) By a direct check using Theorem 5.1 one finds that L(64, 9) 
and £(64,25) are distinguished by the 5^4 (C) -invariant, in fact by Tq 4 ^ . On 
the other hand these lens spaces can not be distinguished by the LMO invariant. 
This follows by [10, Proposition 5.1] and the fact that 5(9/64) = 5(25/64)(= 
—63/32), cf. [30, Remark (4.14)]. Since the perturbative invariant r Psln ^ 
[36] can be recovered from the LMO invariant, cf. [41], we see that T Psl n(C) 
does not separate £(64, 9) and £(64,25). The perturbative invariant r Psln ^ 
is determined by the family of quantum Psl n (C) -invariants Tr Sln<y<C \ see [36]. 
Oppositely it is expected that the perturbative invariant r Ps M c ) dominates 
the invariants t^ s , cf. [36, Conjecture 1.8]. From the explicit formulas 
for the P5I4 -invariants T^ sl4 ^ of the lens spaces in [51], it follows that these 
invariants can not distinguish between £(64, 9) and £(64, 25) for r a prime. It 
would be interesting to examine if this is also the case for the non-prime r for 
which Tr SlA< ^ is defined. 

b) In a forthcoming paper [20] we make detailed calculations of the Gaussian 
sums YlveY w /pY v ex P (^V— lp K M 2 ) i thereby obtaining more detailed separa- 
tion results. 



The asymptotic expansion conjecture and lens spaces In this section 
we calculate the large r asymptotics of r h> Tr(L(p,q)), r = uik. Let us 
begin by some introductory remarks. Therefore, let X be an arbitrary closed 
oriented 3-manifold and let G be a simply connected compact simple Lie group 
with complexified Lie algebra q. We are interested in the behaviour of the 
complex function k Tr(X) in the limit of large re, i.e. re — ► 00. It is believed 
that Witten's TQFT associated with G and k coincides with the TQFT of 
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Reshetikhin and Turaev associated with g and k + h y . In particular it is 
conjectured that Witten's semiclassical approximation for Zjf(X) should be 
valid for the function k i— > Tr(X), and furthermore that this function should 
have a full asymptotic expansion in the limit k — > oo . The precise formulation 
of this is stated in the following conjecture, called the asymptotic expansion 
conjecture (AEC). 

Conjecture 5.4 (J. E. Andersen [1], [2]) Let {ai, . . . ,o>m} be the set of 
values of the Chern-Simons functional of flat G connections on a closed oriented 
3-manifold X. Then there exist dj G Q, Ij G Q/Z, bj G R+ and c£ ] G C for 
j = 1, . . . , M and n = 1,2,3,... such that we for all N = 0,1,2, . . . have 

M / N \ 

rl R {X) = b^^^^e-^/ 4 + ^«- n + o(K d ~ N ) (36) 

j=l V n=l / 

in the limit k — > oo , where ci = max{<ii , . . . , djw} ■ 

Here /(k) = o(n d ~ N ) means as usual that f{n)/n d ~ N ^0 as k —> oo. The 
AEC was proposed by Andersen in [1], where he proved it for the mapping tori 
of finite order diffeomorphisms of orientable surfaces of genus at least 2 and for 
general g using the gauge theoretic approach to the quantum invariants. These 
manifolds are Seifert manifolds with orientable base and Seifert Euler number 
equal to zero, see [1, Sect. 4]. Note that the semiclassical approximation is 
given by putting iV = in the sum Ylj=i ••• i n (36). This part of the AEC and 
some of the conjectures concerning the topological interpretation of the different 
parts of the asymptotic formula, see [2] for details, are in fact inspired by the 
works of Witten, Freed and Gompf, Jeffrey and Rozansky on the semiclassical 
approximation of Witten's invariants. 

As already stated, Jeffrey [25], [26] and Garoufalidis [14] made completely rig- 
orous calculations of the semiclassical approximation of the SU(2) -invariants 
of lens spaces. Actually these calculations contain a complete verification of 
the AEC for the lens spaces and g = sh (C). Jeffrey's calculations also contain 
a proof of the AEC for a certain class of mapping tori over the torus for an 
arbitrary complex finite dimensional simple Lie algebra. 

In [46], [47] L. Rozansky calculated the Witten SU (2) -invariants of all Seifert 
manifolds with orientable base and carried through a rather technical analy- 
sis leading to a candidate for the full asymptotic expansion of these invariants 
(for the Seifert manifolds with Seifert Euler number different from zero). As 
shown in [17, Sect. 8] the invariants calculated by Rozansky are equal to the 
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RT-invariants associated to 5/2 (C). However, to actually prove that his for- 
mula gives the asymptotic expansion of the invariants one has to incorporate 
estimations of error terms in the calculations. This was left out in Rozansky's 
calculations. In [16], [18] the first author has supplemented the calculations 
of Rozansky by making the necessary error estimates thereby proving, that 
Rozansky's formula is really the asymptotic expansion of these invariants. In 
[18] the calculations are carried through for a big class of functions including the 
5/2 (C) -invariants of all oriented Seifert manifolds with orientable base or non- 
orientable base with even genus (also the ones with Seifert Euler number equal 
to zero). Based on results of D. Auckly [5] the Chern-Simons invariants can be 
identified in the asymptotic formula thereby proving the AEC, Conjecture 5.4, 
for these Seifert manifolds and q = 512(C) . It should be mentioned that Rozan- 
sky and Lawrence have calculated the asymptotics of the sh (C) -invariants of 
a subclass of the Seifert manifolds with base S 2 by a method which avoids the 
rather technical analysis of error terms, cf. [33]. However, it seems that their 
method does not work for arbitrary oriented Seifert manifolds. 

From Theorem 5.1 it is obvious, that the large k asymptotics of Tr(L(p,q)) is 
on a form as predicted by the asymptotic expansion conjecture, Conjecture 5.4. 
We note that L(p, q) and L(p', q') are homeomorphic if and only if p = p' and 

q = ±q' (mod p) or qq = ±1 (mod p). 

A homeomorphism preserves orientation if and only if the relevant sign is +. 
If q* denotes the inverse of q in the group of units of Z/pZ we therefore have 
that there is an orientation preserving homeomorphism between L(p,q) and 
L(p,q*). In particular, we can exchange q and q* in any of the formulas for 
Tr(L(p,q)). For the following discussion this seems to be an advantage. We 
have 

sin ( — (p + ku, a) ] = sin ( — (p, a) ) cos ( — (u, a) 
\ P k ) \pn j \p 

+ cos ( — (p, a) ) sin ( — (u, a) ] . 
\pn J \P J 

If we let 

M.j = { v G Y y /pY y j (v, a) G pi, for exactly j elements a in A + } 
for j = 0, 1, . . . , I A + | , then we get 



Corollary 5.5 There exists a family of complex numbers c n , n = 1, 2, . . . , 
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v G Y y jpY y , depending directly on p but only on q through S(q/p), such that 



r?(L(p,q)) 



(2 sign (p)) 



|A+| IA+1 



exp ( 2nV=l^{v,p) ) ( 1 + ] , 



n=l 



for all k G Z>^v , where 



&*= n (-i) <iy ' o>/p (p,«) n sin 



Note here that S(q/p) = S(q*/p). The infinite power series in l//c present in 
the above corollary are convergent for all k G Z>/jV . Note also that G A1|a + | i 
so this set is non-empty. Let us in some greater detail look at a few examples. 
First assume that q = 5I2 (C). In this case we have that A + contains one 
element a of length \[2 and Y y = Y = Span z {a} so vol(y v ) = y/2. For 
n G {0, 1, . . . , \p\ — 1} we have 

(na, a) = 2n 

so if we identify na by n we have 

M = f {0} , if p is odd 

1 \ {0, \p\/2} , if p is even 

and Mo = {0, 1, . . . , \p\ — 1} \ .Mi . For p odd we therefore have 



Z=l 



\p\K)J \p\n 

+ sign(p),. / r— p- exp f 2iry/^ Ik— n 2 ) exp f 27T\/— T— n 

V N K £l V p / V p 



n=l 

00 
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For p even we find that 



+ sign (p)i /— — exp ( 2tt\^1k— n 

V ne{l,2,...,|phl}:n^M 

x exp (2vrv^T^n) sin (^j (l + f^ n~ l 



1=1 

For all p we find that the leading large k asymptotics of 7v' 2 ^(.L(p, q)) is 

■IpI-i / .* x /27m 

p 



lsignmh/ — — > exp 27TV— Ik — n sm sm 

V M" ^ V p/Vp/V 

where we use that 

/ q * 2 \ (2nq*n\ . /2vrn\ n 

2^ exp ^Trv^K-^-n 2 ^ cos y p J sm = °" 

This result coincides with [26, Formula (5.7)]. It is well-known, see e.g. [26, 
Formula (5.3)], that the set of values of the Chern-Simons functional of flat 
SU{2) connections on L(p, q) is 1 

q* 

— n 2 (mod 1) | n = 0, 1, . . . , \p\ — 1 

so here we see the reason for replacing q by q* . (Note that q* (p—n) 2 /p = q*n 2 /p 
(mod 1).) If we e.g. have p = k 2 , where k is a positive integer, then 

— n 2 = (mod 1) 
p 

for n = k, so we see that two elements belonging to different sets Aij can have 
the same Chern-Simons value. 

Let us also examine the type A<i- Here Y y =Y = Span z {ai, a^} , where on 
have length \/2, i = 1,2. We have A + = {a\,a2,on + 02} > an d in particular 



1 There seems to be a problem with signs here. The set S of Chern-Simons invariants 
has been calculated by Kirk and Klassen, cf. [31, Theorem 5.1]. According to their 
result all the above stated Chern-Simons values have to be multiplied by —1. Note 
that L(p, q) in [31] is equal to L(p, —q) here. 
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|A+| = 3. If we identify v = kai + na 2 € Y y /pY y with (k,n) G {0, 1, . . . , \p\ 
l} 2 one finds by an elementary analysis that 

f {(0,0), (1, 21), (21,0} - if N=3Z, /GZ\{0}, 
\ {(0,0)} , otherwise, 

M 2 = 

and M = {0,1,... , \p\ - l} 2 \ (M1UM3), where Mi = for \p\ = 3 and 

exactly one of the identities 



Mi 



(M)e{o,i,...,H-i} 2 



k = 2n, n = 2k, 

k = 2n — \p\, n = 2k — \p\ 

k + n = \p\ 

is satisfied 



otherwise. For \p\ = 1 we have M3 = {(0, 0)} and Mj = 0, j = 0, 1, 2, and for 
\p\ = 2 we have M 3 = {(0,0)}, Mi = {(0, 1), (1,0), (1, 1)} and M = M 2 = 0. 
Corollary 5.5 leads together with Conjecture 5.4 immediately to the following 
conjecture (use the uniqueness property of asymptotic expansions of the form 
(36), i.e. the fact that an arbitrary function /: Z>o — > C has at most one 
asymptotic expansion of the form (36) if the aj 's are mutually different and 
rational) . 

Conjecture 5.6 The set of values of the Chern-Simons functional of Eat G 
connections on L(p, q) is given by 2 

|-M 2 (modZ) ueY v / P Y v 

for any simply connected, compact simple Lie group G . 

Proving this conjecture will together with Corollary 5.5 give a proof of the 
AEC for the invariants T${L(p,q)) . In fact, by the uniqueness property of 
asymptotic expansions of the form (36), Conjecture 5.6 should for G = SU(n) 
be a corollary of Corollary 5.5 and the recent result of Andersen, mentioned 
in the introduction. For G = SU(n) Conjecture 5.6 should also follow from 
results in [40]. 



6 A rational surgery formula for the invariant t® 

In this final section we derive a rational surgery formula for the invariant t® ■ 
The result follows easily from the surgery formula derived in [17] in the setting 

2 perhaps with the opposite signs dependend on the choice of conventions 
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of a general modular tensor category. By rational surgery we mean rational 
surgery on an arbitrary closed oriented 3-manifold M along a framed link 
inside M. Let us briefly recall the situation from [17]. Let (V, be a 

fixed modular category with a fixed rank T>, and let r be the RT-invariant 
associated to these data. For a link L we let col(L) be the set of mappings 
from the set of components of L to the index set /. Before giving the result 
in the general case, let us first consider rational surgery along links in S* 3 . If 
L C S* 3 is framed and oriented and A G col(L) we let F(L, A) be the colored 
ribbon graph induced by L with the i'th component Lj of L colored by VW 4 ) • 

Theorem 6.1 ([17]) Let L be a link in S s with n components and let M 
be the 3-manifold given by surgery on along L with surgery coefficient 
Pi/Qi G Q attached to the i 'th component, i = 1,2, ... ,n (so we assume qi / 0, 
i = 1, 2, . . . , n, see the comments to (37)). Moreover, let Q be a colored ribbon 
graph in M (also identified with a colored ribbon graph in S 3 \ L). Let Lq 
be L considered as a framed link with all components given the framing and 
with an arbitrary chosen but fixed orientation. Finally, let Ci = (a^\ . . . , amj 
be a continued fraction expansion of Pi/qi, i = 1,2, ... ,n. Then 

t(M,Q) = (AD- 1 ) ff+ Sr=i^D-Er=i"'. 

x £ r(S^T(L ,X)un)(fl^ L J, 

Aecol(L) \i=l I 

where Cj = | (Sj=i a ^ ~ 3?(-6 C< )) , i = 1, . . . ,n, and a is the signature of 
the linking matrix of L (with the surgery coefficients pi/qi, . . . ,p n /Qn on the 
diagonal ). □ 

In the case of surgery on arbitrary closed oriented 3 -manifolds along framed 
links we do not have a preferred framing as in the case of surgery on S 3 (or 
on another integral homology sphere), i.e. we can not identify the framing of a 
link component with an integer in a canonical way, see [17, Appendix B]. Here, 
by a framed link in a closed oriented 3-manifold M, we mean a pair (L,Q), 
where Q = Uf = iQi- U™ =1 (B 2 x S 1 ) — > M is an embedding (or more precisely 
an isotopy class of such embeddings) and L is the image by Q of Uf =1 (0 x S 1 ). 
For other definitions of framed links in 3-manifolds and how these relate to 
this definition we refer to [17, Appendix B]. The following result is sensitive to 
a choice of orientations. We will use the following conventions. 

Conventions 6.2 The space B 2 x S 1 is the standard solid torus in M 3 with 
the orientation induced by the standard right-handed orientation of M 3 . Here 
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S is the standard unit circle in the xz-plane with centre and oriented coun- 
terclockwise, i.e., e3 is a positively oriented tangent vector in the tangent space 
ej being the i'th standard unit vector in M 3 , see Fig. 3. For a 
framed link (L, Q) as above we will always assume that each copy of B 2 x S 1 
is this oriented standard solid torus, and that Q is orientation preserving after 
giving the image of Q the orientation induced by that of M (we can always 
obtain this by composing some of the Qi by g x idgi if necessarily, where 
g: B 2 ^B 2 is an orientation reversing homeomorphism) . Moreover, we orient 
L so that Qi restricted to S 1 x {0} is orientation preserving for each i. The 
oriented meridian a and longitude (3, see Fig. 3, represent a basis (over A) of 
#i (£(i ; ); A) = A © A, A = Z,R, =5 1 x5 1 . (For the notation see 
[52, Chap. IV].) 




Figure 3 

Let us recall the notion of rational surgery on M along (L, Q) . Therefore, 
let Ui = Qi(B 2 x S 1 ) and let k = Qi(e\ x S 1 ) oriented so that [k] = [Li] in 
Hi(Uf,Z), where Li = Qi(0 x S 1 ) . Moreover, let ^ = Qi(dB 2 x 1) oriented 
so that (dQi)*([a\) = [/ij] in H\(dUi;Z) , where dQi is the restriction of Qi to 
dB 2 x S 1 = Let (pi,qi) be pairs of coprime integers, let /i^: <9C/j — > 5C/j 

be homeomorphisms such that 

{hi)*([fii]) = ±{pi\fH] + qi[k]) (37) 

in Hi (dUi ; Z) , let /i be the union of the foj, and let J7 = II" =1 L r i be the image 
of Q. Then the 3-manifold M' = (M \ int(f7)) U h C/ is said to be the result 
of doing surgery on M along the framed link (L, Q) with surgery coefficients 
{Pi/li}i=i- If Qi = so Pi = =tl we J us t write oo for Pi/qi. Such surgeries do 
not change the manifold (up to an orientation preserving homeomorphism) . If, 
in (37), pi = and qi = ±1 for all i, i.e. all surgery coefficients are 0, then 
we call M' the result of doing surgery on M along the framed link (L, Q) . We 
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equip M' with the unique orientation extending the orientation in M\'mt(U). 
The above generalizes ordinary rational surgery along links in S 3 . We call 
a homeomorphism h satisfying (37) an attaching map for the surgery. We 
can and will always choose an orientation preserving attaching map. Up to 
an orientation preserving homeomorphism the result of doing surgery on M 
along the framed link (L, Q) with surgery coefficients {pi/qi}f = i is well defined, 
independent of the choices of representative Q and attaching map h. 

For A G col(L) we let F(L, A) = Uf =1 r(Lj, A(Lj)) , where T(L h j) is the colored 
ribbon graph equal to the directed annulus Qi(([— 1/2, 1/2] x 0) x S 1 ) with 
oriented core Li and color Vj, j € / . 



Theorem 6.3 ([17]) Let d = (a^, . . . ,a^J € be a continued fraction 
expansion of Pi/qi, i = 1, . . . ,n. Moreover, let Q be a colored ribbon graph in 
M' (also identified with a colored ribbon graph in M\L). Then 

r(M',n) = (AD- 1 )"+£"=i Ci Zr£"=i m< 

x £ r(M,r(L,A)un)(n^ (Li)0 ), 

Aecol(L) \i=l / 

where [i is a sum of signs given by (38) and a = \ (Y^j=i a ^ ~ &(B Ci )j , 
i = 1, . . . , n. □ 



The theorem is proved by using the machinery of the 2 + 1 -dimensional TQFT 
of Reshetikhin and Turaev induced by (V, {Vi}i e j, V) , see [17, Sect. 5]. The 
integer \x , present in the above theorem, is given by the following sum of Maslov 
indices 

n 

n. = J2^(( d QM X o), (dQiUXi),^). (38) 
i=l 

We refer to [52, Sect. IV. 3] or [17, Sect. 5.2] for the definitions of Maslov index 
and Lagrangian subspace. The spaces Ao , \% , and iVj are Lagrangian subspaces 
of iJi(S( 1;) ;R) given by A = Span M {[a]}, Aj = Span M {pi[a] +qi[/3]}, and Ni 
equal to the kernel of the inclusion homomorphism Hi(dUf,M) — > iJi(Mj_i \ 
int(C/j); R) , where Mj is the manifold obtained by doing surgery on M along 
^II* =1 Lj, II* =1 Qj^ with surgery coefficients {pj/Qj}j=i, i = 1,2, ...,n, and 
M = M. 

We have the following corollary to Theorem 6.1 and 6.3: 
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Corollary 6.4 Let the situation be as in Theorem 6.3 and let Bi G SL(2, Z) 

Pi 
Qi 



with first column equal to ± [ ^ l I , i = 1, 2, . . . , n. Then 



T»(M',n) = (ex P (^|p| 2 )e X p(-^|p| 2 )) 



E?=i *(Si)-3Ai 



x ^ r r fl(M,r(L,A)Ufi) JJC^Wop . 

Aecol(L) \i=l / 

where \i is given by (38). If all the qi are different from 0, a similar formula 
holds with M' , M , L and \i replaced by M , S 3 , Lq, and a respectively, where 
M , Lq and a are as in Theorem 6.1. □ 

To see this simply choose tuples of integers d such that Bi = B Ci and use (27), 
(28), and (30) and the fact that Cj is a continued fraction expansion of Pi/qi, 
i = 1, 2, . . . , n. 
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Appendix 



In the proof of the main Lemma 2.4, the reciprocity formula, Proposition 2.2, played a 
crucial role. The idea of using the reciprocity formula stems from Jeffrey's calculations 
in [25], [26] as already stated in the introduction. Jeffrey's proof of the reciprocity 
formula, which is a verbatim generalization of the argument presented in the proof of 
[12, Chap. IX Theorem 1] can be found in her thesis [25]. 

In this appendix we will first sketch Jeffrey's proof, which builds on a limiting case of 
the Poisson summation formula applied to Gaussian functions. A main ingredient is the 
Fourier transformation of a Gaussian function, which rely on an analytic continuation 
argument for complex functions of several variables. Next we will present a slightly 
different argument which avoids the direct use of this Fourier transform result. 
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Jeffrey's proof of Proposition 2.2 According to the Poisson summation formula 
we have 

<t>{ an ) = (27r/a)' Y 4>(2™/a), a > 

for <p e S(K')> see [21, p. 178]. Here S(R l ), is the Schwartz space of smooth (C°°) 
functions that are rapidly decreasing at infinity, and <f> is the Fourier transformation 
of 4>. Recall that 

for £ € R , where (-,-) is the standard inner product in R . (Below (•,•) will also be 
used to denote the inner product in V , but the meaning of (•, •) will always be clear 
from the context.) We recall that S(R l ) C L^M'). 

Let Vc = V ®r C and extend (•, •) to a hermitian product in Vc in the usual way. Let 
t e Endc(Vc)) such that the imaginary part of r is positive definite. By assumption 
the sum 

]T cxp(^ A /^T(r(A), A)) exp(2^V^T(A, V>» 

AeA 

is absolutely convergent. In general, if Q is a symmetric complex I x ^ -matrix with 
positive definite imaginary part and z E C l and if 4> : R ( — > C is given by 

</>(x) = exp^-v/^LVQo; + 27r\/^Tx t z) 

then 

0(2ttO= (det(-^L=)) exp(W=l(£-*)'fi _1 (£-*))- 

Here the square root is positive on the positive real axis with a cut along the negative 
real axis. To see this, first assume that Q.~ l z E M 1 and complete the square and use 
[21, Theorem 7.6.1]. The general case then follows by analytic continuation. 

By using this result together with the Poisson summation formula we get 

S AeA exp(7iV=I(r(A), A)) exp(2^ N /^T(A, V» (39) 
= vol(A)- 1 (det (-^==) ) ^ cxp (-tt^t- 1 (/i + il>),n + ip)) 

if we futhermore e.g. assume that r can be represented by a symmetric matrix w.r.t. 
a basis of Vc of the form {w\ ® 1, . . . , wi ® 1} , where {w\, . . . , w{\ is some basis of V . 
This is always the case in the situations where we will use (39) below, since / : V —* V 
is self-adjoint. Let us use the identity (39) with r = ^/c + \/^Teidy c , £ > 0, where 
fc = f ® idc • For A, a € A we have F(A + ra) = F(X) by (5), where 

F(X) = cxp f^Hi(/(A), A)) cxp(2 7 r N /^T(A, V», (40) 
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so the left-hand side of (39) becomes 



LHS(e) = J2 F ( A ) E exp(-7re|A + ra\ 2 ). 

A/rA a£A 



Here 



^2 cxp(-7re|A + ra| 2 ) = vol(A*) ( — ) 



by using (39) with the roles of A and A* reversed and with t 1 = — \J — ler 2 idy c (so 
r = V^T^idvfc has positive definite imaginary part). We first observe that 

lim e' /2 LHS(e) = r~ l vol(A*) ^ F(A). 

£_> + A/rA 

This follows by the fact that 

lhn ^ cxp ^/3>) cxp ^TT^/J, = 1, 

which follows by the fact that 



E exp^(A^))exp^V^T(/3,^ 



/3eA*\{0} 



* E «p(-^i a )^«p(-^)E«p(-^i 9 ) 

/3eA«\{o} " /3eA* 

for e e]0,l], c = min{ : /3 € A* \ {0} } > 0. 

Hereafter we calculate lim e ^o + £ Z//2 RHS(e) , where RHS(e) is the right-hand side of 
(39) with r = i/ c + V^Teidy c . Note that 

-1\2 



r- 1 = r/c 1 - ^(r/cY (id Vc + ^er/ c 
By using this we find that RHS(e) is equal to 

-1/2 



vol(A)- 1 ( det ( -= ) ) V exp(-7r^<M + ^r/- 1 (/i + ^)» 

x ]T cxp (-Trer 2 ((id + V^T £ r/ c - 1 )- 1 (.r 1 ( / i + ^)+/3),.r 1 ( M + ^) + /?)), 

/9GA* 
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where we use that G(/x + /(/?)) = G(p) for /j,, (3 e A* , where G(/u) = exp(— tt^/~^1{h + 
V>,r/" 1 (/i + V)))- The sum X)/3eA* can now ^ e calculated by using (39) once more 
with %j) replaced by + VO an d T = "7pr(idvc + \/— Ter/c) • By doing this we get 

-, \ \ -1/2 / , si/2 

1 \ \ ' / 1 \ ' , , — - ,1/2 



RHS( £ ) = (det ^— ^==/ c + eidvc J J (j^J (det(id + V^Ter/ c )) 

x 51 exp(-7r\/ = T(/i + V,r/- 1 (/i + V))) 
M eA*//(A*) 



E cx p(-^i a i 2 )-p(-^(/w^)) 



X 

AeA 

xexp(2^V^T(.r 1 ( A1 + ^),A)) . 
As before we find that the sum over A converges to 1 as e — > 0+ . Therefore 

-1/2 



lim e' /2 RHS(e) = (det ^-^= 



x E exp(-7r\/^T(/i + V>,r/ ^M + V))) • 
M eA«//(A') 

Since lim £ ^ 0+ e' /2 RHS(e) = lim £ ^ + £ Z/2 LHS(e) the result follows. 

A second proof of Proposition 2.2 This proof builds on the following periodicity 
result: 

Lemma 6.5 Let A be a lattice in V and let h: V — > be a linear map such that 
h(A) C A. Moreover, Jet g e : V — > e G]0, o] , be a curve of self-adjoint positive 
definite maps such that g £ — > .go if EndR(V) as e — ► 0, where 50 JS positive definite, 
a being a fixed positive number. Finally, let vq G V be fixed but arbitrary and let 
F: V — > C be a map such that 

F(A + /i(a)) = F(A) 

for aJJ A, a e A. Then 

2 F(X) = vol(A)|dct(^)|ydet T (^) 

AeA/h(A) 

X lim e '/2^ e -«<A+«o,fl«(A+«o)> f .( A ) - 

e ^ + AeA 

Proof By assumption we have 

^ e -7re<A+t) ,9 E (A+t) )) ^(\) 

AeA 

_ ^ J 1 ^) e -7r£<A+«o+fe(g),g e (A+i;o+/ t (a)))_ 

AeA/7i(A) aeA 



59 



The lemma will therefore follow if we can show that 

vol(A)|det(/i)|v / det( ff o) mn e l/2 V e -*s<»+h(a), ff .C+M<x))> = 1 

for any v G V. This is done by changing the sum X) q ga ^° a sum over Z' (using 
coordinates) and then use the Poisson summation formula to this sum. Note that if 
V = {v\, . . . ,vi} is a basis for V such that A is generated by this set over the integers 
and if W = {w\, . . . ,wi} is an orthonormal basis for V then vol(A) = dct(fc), where 
k: V ^ V is the linear isomorphism given by k(v)j) = Vj , j = 1, 2, . . . , I. □ 

Now let F: A -> C be given by (40), and let h = rid v : V —> V . Then F(X + h(a)) = 
F(X) for a, A e A by (5), so by the above lemma we get 

F(\) = vol(A)r ( lim £ Z / 2 ^e-" e|A| V(A). 

AeA/rA ' AeA 

To continue we use coordinates. Let V and W be bases for V as in the proof of 
Lemma 6.5, and let C be the matrix of / w.r.t. W. Moreover, let D = (dij)\ - =1 such 

that fj = Then 



= ^ e -«<Dn,r»n> exp f ZL^El^ exp (27rV^l(Dn, y)) , 

ne» \ T / 

where y are the coordinates of V w.r.t. the basis W. By the Poisson summation 
formula we get 



Y,e-* e M'F(\) = Idctp)!- 1 I e 2 ^ 1 ^^ 

AGA mG » 

xe -*e(x,x) exp ^/E±( Xt Cx fj exp ( 27r V3i( Xj y }) dj,.. 

The summands are all Gaussian integrals and can be calculated by diagonalizing C . In 
fact, if we choose an orthogonal matrix Q such that Q~ 1 CQ — Diag(Ai, . . . , A;) and 
let rj = er 2 , then we arrive at the following identity 

AeA/rA V / / 

x ^ cxp(-^(TO + J D t y,Z?- 1 C- 1 gH(??)g- 1 C- 1 (C- 1 ) t (TO + ^*y))) 

mez ! 

x exp (-wV=lr(D- 1 QH(ri)Q- 1 C- 1 (D- 1 ) t (m + D*y), m + D*y)) , 

where H{rf) = Diag(/i(r?), . . . , /;(?/)) , where /,(/?) = ^1 + ^ -» 1 as r? -> 0+ . 

Next we use the following technical but straightforward 
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Lemma 6.6 Let a > and let A: ]0, a] — > GL(7,R) be a curve of positive definite 
symmetric matrices such that A(e) — > as e — > 0+ , where Ao is a symmetric positive 
definite matrix. Moreover, let B: ]0, a] — » GL(Z,R) be a curve and B a fixed matrix 
such that 

lim - (5(e) - B ) = 0. 

Then we have 

lim e'/ 2 J2 e- £ ( n+Xl ' A W n+Xl » exp (>/=T<n + x 2 , B(e)(n + x 2 ))) 
= lim e'/ 2 V e- £ < n+Xl < A ^ n+Xl » exp(V~^l(n + x 2 ,B (n + x 2 ))) 

E— >0+ ^— ' ' 



for any xi, X2 € M 1 in the sense that if one of the two limits exists then does the other 
and they are equal. □ 

By this lemma (and Lemma 6.5) we get that 



AeA/rA 



-1/2 



lim rf' 2 



x exp(-nn(m + D t y,D- 1 C- 2 (D- 1 ) t (m + Dty))) 
x exp (-Ti^/^lr(D- 1 C- 1 {D- 1 ) t {m + D*y), m + D*y)) 

> -1/2 

] lim r, 1 ' 2 

-I J J r,->0+ 

x E exp (-^(v + i>, .r 2 <> + vo» 

jiSA* 

xexp(-7r\/^Tr(/i + V,/ _1 (^ + ^))) • 

Now /(A*) C A* by assumption and G(/i + /(/?)) = for /x,/3 G A*, where 

G(/z) = exp (— Ti\J~^\r(n + ip, + "0))) , so by Lemma 6.5 we get Proposition 2.2. 
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